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Abstract

In this manuscript, we propose a new effective method for eigenpair reanalysis of large-scale finite element (FE) models. Our method
utilizes the matrix block-partitioning algorithm in the Rayleigh–Ritz approach and expresses the Ritz basis matrix using thou-
sands of block matrices of very small size. To avoid significant computational costs from the projection procedure, we derive a
new formulation that uses tiny block computations instead of global matrix computations. Additionally, we present an algorithm
that recognizes which blocks are changed in the modified FE model to achieve computational cost savings when computing new
eigenpairs. Through selective updating for the recognized blocks, we can effectively construct the new Ritz basis matrix and the
new reduced mass and stiffness matrices corresponding to the modified FE model. To demonstrate the performance of our pro-
posed method, we solve several practical engineering problems and compare the results with those of the combined approxima-
tion method, the most well-known eigenpair reanalysis method, and ARPACK, an eigenvalue solver embedded in many numerical
programs.

Keywords: structural analysis, eigenvalue problem, Rayleigh–Ritz method, approximate reanalysis, finite element analysis, block-
partitioning

1. Introduction
Solving a generalized eigenvalue problem is one of the most im-
portant procedures in engineering problems. The resulting eigen-
values and eigenvectors, also known as eigenpairs, represent
dynamic characteristics such as natural frequencies and mode
shapes of a structure. They are also very important in linear and
non-linear vibration analyses (Sedighi et al., 2020; VeisiAra et al.,
2021), topology optimization problems (Ambrozkiewicz & Krieges-
mann, 2020), and detecting structural damage such as cracks
(Freimanis & Paeglitis, 2021).

For several decades, to seek solutions to the generalized eigen-
value problem accurately and efficiently, a variety of methods
(Bathe & Ramaswamy, 1980; Kokiopoulou et al., 2004; Lanczos,
1950) have been developed. The Rayleigh–Ritz method (Bathe,
2006; Meirovitch & Kwak, 1990) is a most general technique for
finding approximations to the eigenpairs.

Recently, given that the finite element (FE) method (Bathe,
2006; Hughes, 2012; Reddy, 2004) has been converging with
digital twin technologies (Glaessgen & Stargel, 2012), the FE
model, as a twin model, may contain more than several mil-
lions of degrees of freedom (DOFs) to exactly depict a real struc-
ture. Extracting solutions to the generalized eigenvalue prob-
lem of these large-scale FE models is a prohibitively expensive
work.

The most commonly used numerical library for solving the
eigenvalue problem of large-scale FE models is ARPACK (Lehoucq
et al., 1998). ARPACK employs iterative methods (Calvetti et al.,

1994; Lehoucq & Sorensen, 1996) to efficiently compute eigenpairs
of large sparse matrices. ARPACK has been utilized in various re-
search fields, including engineering, physics, and computer sci-
ence (Bekas et al., 2005; Klinvex et al., 2013), and has also been
incorporated as an eigenvalue analysis algorithm in popular nu-
merical computing environments such as MATLAB, Mathematica,
SciPy, and GNU Octave.

In recent years, several novel studies have been conducted to
solve computational mechanics problems including the eigen-
value problem by employing deep neural networks (Samaniego
et al., 2020; Zhuang et al., 2021) and physics-informed neural
networks (Nguyen-Thanh et al., 2021). These studies have re-
ported that the developed approaches can provide solutions
very efficiently and are also useful for optimization and inverse
analysis.

As for eigenpair reanalysis, several methods have been pro-
posed, including the Bickford method (Bickford, 1987), the ma-
trix perturbation method (Su-huan, 1993), Chen’s method (Chen
et al., 1994), Pade’s approximation method (Wu & Piao, 1996),
and the combined approximation (CA) method (Kirsch & Bogo-
molni, 2004; Kirsch et al., 2007). Among these, the CA method
is the most well-known. In a study by Chen et al. (2000), sev-
eral eigenvalue reanalysis methods were reviewed and compared,
and the findings indicated that the CA method has superior
computational accuracy and efficiency compared to the other
methods.

The core idea of the CA method is to use the former eigenpairs
to compute the new Ritz basis vectors corresponding to the new FE

Received: December 21, 2022. Revised: April 1, 2023. Accepted: April 5, 2023
C© The Author(s) 2023. Published by Oxford University Press on behalf of the Society for Computational Design and Engineering. This is an Open Access article
distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse,
distribution, and reproduction in any medium, provided the original work is properly cited.

D
ow

nloaded from
 https://academ

ic.oup.com
/jcde/article/10/3/959/7112094 by guest on 31 August 2023

mailto:shboo@kmou.ac.kr
https://creativecommons.org/licenses/by/4.0/


960 | Block-partitioned Rayleigh-Ritz method for efficient eigenpair reanalysis

Figure 1: Matrix block-partitioning: (a) Permutation of the matrix K, and (b) block-partitioning in the permuted matrix Kg (nine diagonal blocks, K(1)
d to

KL, and eight coupled blocks, K(1)
c to K(8)

c , are defined).

model, and then, new eigenpairs are computed from the reduced
model generated by the subspace projection with the new Ritz ba-
sis matrix calculated. The CA method estimates the solutions for
the lowest eigenpairs accurately and its procedure is expressed as
simple matrix–vector and matrix–matrix multiplications that are
easy to implement.

Due to the aforementioned advantages, the CA method has be-
come an effective optimization technique that has gained signifi-
cant attention in iterative engineering problems. The method can
iteratively combine multiple solutions to approximate an optimal
solution, making it useful for situations where obtaining a direct
optimal solution is challenging. As a result, the CA method has
been extensively applied in diverse fields, including dynamic anal-
ysis (Tian et al., 2022; Zheng et al., 2015), non-linear dynamic anal-
ysis (Feng et al., 2016; Kirsch et al., 2006), structural optimization
(Cao et al., 2022; Lee et al., 2022; Mukherjee et al., 2021), and sensi-
tivity analysis (Zuo et al., 2016, 2017).

As pointed out earlier, even if the CA method is expressed as
simple algebraic multiplications, when calculating hundreds of
eigenpairs for large-scale FE models over 106 DOFs, considerable
computational efforts may be required. In particular, the proce-
dures for constructing the Ritz basis matrix and projecting onto
the subspace induce considerable computational efforts because
those procedures are repetitive multiplications of large size matri-
ces and vectors, and even these must be repeated as many times
as the number of eigenpairs to be calculated. Thus, to reduce the
computation times caused by repetitive multiplications of large
size matrices and vectors, it can be a very attractive idea to use

the matrix block-partitioning (Bennighof & Lehoucq, 2004; George,
1973; Kalantzis, 2020; Karypis & Kumar, 1998), which has an im-
portant role in sparse matrix computations (Bunch & Rose, 2014;
Saad, 1990).

In this study, to solve large-scale FE models without the
aforementioned computational inefficiency, we applied the ma-
trix block-partitioning algorithm (Karypis & Kumar, 1998) to the
Rayleigh–Ritz method. The Ritz basis matrix is expressed with
thousands of blocks, and to avoid the global matrix multiplica-
tions inducing significant computation times, a resultant formu-
lation for the subspace projection is derived to construct the re-
duced matrices efficiently. Because this resultant formulation is
expressed with block computations, it can provide a chance to re-
place the blocks of the reduced matrices effectively when the FE
model is modified.

An algorithm was developed that recognizes which blocks are
modified due to the FE model modifications. Using this algorithm,
the Ritz basis matrix updating and the subspace projection for the
modified FE model are accomplished in an effective and strate-
gical manner, i.e., only the modified blocks are recalculated and
replaced. This is the core idea of the proposed method that can
efficiently compute new eigenpairs.

In Section 2, the CA method is reviewed briefly, and the pro-
posed method is derived in Section 3. In Sections 4 and 5, the per-
formance of the proposed method is verified by comparing its so-
lution accuracy, computation time, and required computer mem-
ory to those of the CA method and ARPACK. Finally, conclusions
are outlined in Section 6.
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Table 1: Algorithm for constructing the initial reduced matrices M̄r and K̄r.

Algorithm 1: Constructing M̄r and K̄r

Input: Initial global matrices M and K.

Output: M̄r and K̄r. Cumulative blocks (M(i)
� and K(i)

� ) for ∀i ∈ S.
Step 1. Matrix block-partitioning:
1: Permuting the initial FE matrices M and K with permuting vector p
Mg ← M(p, p), Kg ← K(p, p)
2: Defining the set S = {1, 2, · · · , k}, k ← number of diagonal blocks

3: Defining the blocks M(i)
d , M(i)

c , ML, K(i)
d , K(i)

c , and KL for ∀i ∈ S
Step 2. Projection of the initial global matrices:
4: for ∀i ∈ S

5: Factorizing K(i)
d

6: Computing the eigenpairs �
(i)
d and �

(i)
d by solving K(i)

d �
(i)
d = M(i)

d �
(i)
d �

(i)
d

7: Computing the constraint modes matrix �
(i)
c ← −(K(i)

d )
−1

K(i)
c

8: Defining the ith diagonal block of M̄r with identity matrix I(i)
d

9: Defining the ith diagonal block of K̄r with �
(i)
d

10: P(i)
c ← (�(i)

d )
T
(M(i)

c + M(i)
d �

(i)
c )

11: M(i)
� ← (M(i)

c )
T
�

(i)
c + (�(i)

c )
T
(M(i)

c + M(i)
d �

(i)
c ), K(i)

� ← (K(i)
c )

T
�

(i)
c

12: end for

13: QL ← ML + ∑
i M(i)

� , RL ← KL + ∑
i K(i)

� for ∀i ∈ S

Figure 2: Modified FE model: (a) Modified part �a, and (b) non-zero spy shot of the stiffness change-matrix �K.

2. CA Method
In this section, we briefly review the formulation of the CA
method. The detailed derivation procedure is described in the ref-
erences (Kirsch & Bogomolni, 2004; Kirsch et al., 2007).

The generalized eigenvalue problem for p eigenpairs is defined
by

K ϕi = λ iM ϕi for i = 1, 2, · · · , p, (1)

where M ∈ Rn×n and K ∈ Rn×n, respectively, are the mass and stiff-
ness matrices for an initial FE model, and ϕi ∈ Rn is the eigenvector
corresponding to the eigenvalue λ i ∈ R. The matrices, M and K, are
large, sparse, and symmetric.

Assuming modifications in an initial FE model without increas-
ing of the DOF, and denoting the resulting changes in M and K as
�M and �K, the modified mass and stiffness matrices are defined
as

M̃ = M + �M, K̃ = K + �K, (2)

then, we have the following modified generalized eigenvalue prob-
lem:

(K + �K) ϕ̃i = λ̃ i M̃ ϕ̃i for i = 1, 2, · · · , p, (3)

where λ̃ i ∈ R and ϕ̃i ∈ Rn, respectively, are the ith eigenvalue and
eigenvector of the modified FE model.

Pre-multiplying Equation (3) by K−1, we have

(I + B) ϕ̃i = x i with B = K−1�K, xi = λ̃ i K−1M̃ ϕ̃i, (4)

then, pre-multiplying both sides by (I + B)−1, the following equa-
tion is obtained:

ϕ̃i = (I + B)−1x i = (I − B + B2 − · · · )x i

=
∞∑
j=1

r j with r1 = xi, r j = −B r j−1 for j = 2, 3, · · · . (5)

It should be noted that ϕ̃i is represented by a linear combina-
tion of r1 and r j, and those are regarded as the basis vectors for
the ith eigenvector ϕ̃i. This means that, in the CA method, an in-
finite number of the basis vectors are required to compute one
eigenvector exactly.

For the vector x i in Equation (4), because the implicated un-
known scalar λ̃ i does not affect the results, we can drop it. Addi-
tionally, replacing the unknown vector ϕ̃i with the known vector
ϕi, which is already obtained in the initial FE model, the vector x i
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Figure 3: Non-zero spy shot of the permuted stiffness change-matrix �Kg and its block-partitioning.

Table 2: Algorithm for detecting the modified blocks and defining the set D.

Algorithm 2: Detecting the modified blocks and defining the set D

Input: The global matrices M, K, M̃, and K̃. The set S.

Output: The blocks M̃(i)
d , M̃(i)

c , M̃L, K̃(i)
d , K̃(i)

c , and K̃L for i ∈ D.
Step 1. Block-partitioning of change-matrix:
1: Computing the change-matrices �M and �K

�M ← M̃ − M, �K ← K̃ − K
2: Permuting �M and �K with p
3: �Mg ← �M(p, p), �Kg ← �K(p, p)

4: Defining the blocks �M(i)
d , �M(i)

c , �ML, �K(i)
d , �K(i)

c , and �KL for ∀i ∈ S
Step 2. Detecting the modified blocks:
5: for ∀i ∈ S

6: Calculate tr(�M(i)
d )

7: if tr(�M(i)
d ) = 0, i /∈ D and tr(�M(i)

d ) �= 0, i ∈ D
8: end for
9: Permuting M̃ and K̃ with p
10: M̃g ← M̃ (p, p), K̃g ← K̃(p, p)

11: Defining modified blocks M̃(i)
d , M̃(i)

c , M̃L, K̃(i)
d , K̃(i)

c , and K̃L for i ∈ D

Table 3: Algorithm for constructing the new Ritz basis matrix �̃.

Algorithm 3: Constructing the new Ritz basis matrix

Input: The modified blocks M̃(i)
d , K̃(i)

d , and K̃(i)
c for i ∈ D.

Output: The new block eigenpairs (�̃(i)
d and �̃

(i)
d ) and constraint modes

matrix �̃
(i)
c for i ∈ D.

Step 1. Computing the new block eigenpairs:
1: for i ∈ D

2: Factorizing K̃(i)
d

3: Computing the new block eigenpairs �̃
(i)
d and �̃

(i)
d by solving

K̃(i)
d �̃

(i)
d = M̃(i)

d �̃
(i)
d �̃

(i)
d

4: end for
Step 2. Updating of the Ritz basis blocks:
5: for i ∈ D

6: Constructing Ṽ(i) with �̃
(i)
d

7: Replacing the ith block column of � with Ṽ(i)

8: Replacing the ith block row of VL with new constraint modes matrix �̃
(i)
c

�̃
(i)
c ← − (K̃(i)

d )
−1

(K̃(i)
c )

9: end for

can be approximated as

x i ≈ x̄ i = K−1M̃ ϕi. (6)

Using Equation (6) and considering s basis vectors, the vectors
r1 and r j in Equation (5) are assumed as

r̄1 = K−1M̃ ϕi, r̄ j = −Br̄ j−1 for j = 2, · · · , s, (7)

in which s is the number of basis vectors r j to approximate the
ith eigenvector ϕ̃i. It is therefore natural that, in the CA method,
the number of basis vectors considered, s, significantly affects the
solution accuracy.
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Table 4: Algorithm to update the initial reduced matrices.

Algorithm 4: Updating the initial reduced matrices

Input: The blocks M(i)
� , M̃(i)

d , M̃(i)
c , K(i)

� , K̃(i)
c , �̃

(i)
d , �̃

(i)
d , and �̃

(i)
c for i ∈ D.

Output: The new reduced matrices M̃r and K̃r.
1: for i ∈ D

2: Replacing �
(i)
d with �̃

(i)
d

3: Replacing P(i)
c with P̃(i)

c ← (�̃(i)
d )

T
(M̃(i)

c + M̃(i)
d �̃

(i)
c )

4: Computing the new cumulative blocks M̃(i)
� and K̃(i)

�

M̃(i)
� ← (M̃(i)

c )
T
�̃

(i)
c + (�̃(i)

c )
T
(M̃(i)

c + M̃(i)
d �̃

(i)
c ), K̃(i)

� ← (K̃(i)
c )

T
�̃

(i)
c

5: end for
6: Replacing QL and RL with Q̃L and R̃L

Q̃L ← M̃L − ∑
i M(i)

� + ∑
i M̃(i)

� , R̃L ← K̃L − ∑
i K(i)

� + ∑
i K̃(i)

� for i ∈ D

The basis vectors r̄1 and r̄ j in Equation (7) are computed with-
out performing a formal inversion of K. The stiffness matrix K has
already been factorized into a lower unit triangular matrix L and
a diagonal matrix D, i.e., K = LTD L, in the initial analysis, and the
basis vectors r̄1 and r̄ j are computed by only forward and back-
ward substitutions.

To guarantee the calculated basis vectors r̄1 and r̄ j in Equa-
tion (7) to be linearly independent, the following Gram–
Schmidt orthogonalization (Kirsch et al., 2007; Strang, 2009) is
conducted:

v1 =
∣∣∣r̄T

1M̃ r̄1

∣∣∣
−1/2

r̄1, (8)

v j =
∣∣∣v̂T

j M̃ v̂ j

∣∣∣
−1/2

v̂ j with v̂ j = r̄ j −
j−1∑
k=1

(r̄T
j M̃ vk )vk for j = 2, · · · , s,(9)

and then, we can obtain the Ritz basis matrix for the ith eigenvec-
tor ϕ̃i as

vB = [ v1 v2 · · · vs ], (10)

and evaluating the projections of M̃ and K̃ onto the subspace
spanned by vB, we can obtain the reduced mass and stiffness ma-
trices M̃r ∈ Rs×s and K̃r ∈ Rs×s as follows:

M̃r = vT
BM̃ vB, K̃r = vT

BK̃ vB. (11)
Solving the following reduced generalized eigenvalue problem

for the 1st eigenpair (μ 1, y1), we have
K̃r y1 = μ 1M̃r y1, (12)

and then, we can obtain the ith approximated eigenpair (λ̃ i , ϕ̃i )
for the newly designed FE model as

λ̃ i = μ 1, ϕ̃i = vB y1. (13)
The CA method produces quite accurate solutions, and

its procedure consists of simple matrix–vector and matrix–
matrix multiplications that are easy to implement. To ob-
tain the approximate solutions for p eigenpairs, the proce-
dures of Equation (7) to Equation (13) are repeated for each
eigenpair.

Considering calculating hundreds of eigenpairs for a large FE
model with over 105 DOFs, the computation cost, however, would
be increased. In particular, much computational effort is required
to compute the Ritz basis matrix vB in Equation (10) because
these are processes of times multiplications of large size matrices
and vectors.

If a large number of s is considered to obtain more accu-
rate solutions, the column size of the Ritz basis matrix vB would
be increased, and thus, more computational efforts would be
required.

Furthermore, because the Ritz basis matrix vB in Equation (10)
is fully populated, it induces considerable computational efforts
to conduct the projection procedures described in Equation (11),

M̃r = vT
BM̃ vB and K̃r = vT

BK̃ vB, and even these projection proce-
dures are repeated p times to obtain the p approximated eigen-
pairs. The specific computation times related to these will be in-
vestigated in Section 4.

3. Proposed Eigenpair Reanalysis Method
In this section, we describe the key procedures of the pro-
posed eigenpair reanalysis method: matrix block-partitioning,
projection of an initial FE model, detection of the modified
blocks, and updating of the Ritz basis blocks and the reduced
matrices.

3.1. Matrix block-partitioning
In the matrix block-partitioning algorithm (Karypis & Kumar,
1998), a large sparse matrix is permuted in rows and columns
by a permuting vector p, and then, a block-partitioning is accom-
plished.

A block-partitioning example for the matrix K in Equation
(1) is shown in Fig. 1. Generally, for large FE models, thou-
sands of blocks (sometimes called “submatrices”) or more are
defined.

Considering the permuting vector p, the matrices M and K
in Equation (1) can be permuted as

Mg = M (p, p), Kg = K (p, p), (14)
where Mg and Kg, respectively, are the permuted mass and stiff-
ness matrices of the initial FE model.

The permuted matrices Mg and Kg can be expressed with a
block-partitioned matrix form:

M g =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M(1)
d M(1)

c

...
...

M(i)
d M(i)

c

...
...

sym. M(k)
d M(k)

c

ML

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

K g =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

K(1)
d K(1)

c

...
...

K(i)
d K(i)

c

...
...

sym. K(k)
d K(k)

c

KL

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (15)

where the subscript d denotes the diagonal blocks fully decou-
pled from each other, and subscript L denotes the last diago-
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Figure 4: Updating process of the initial reduced matrices M̄r and K̄r: (a) Updating of M̄r and (b) updating of K̄r.

Figure 5: Flow chart of the proposed method.
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Figure 6: The stiffened plate: (a) FE model, and (b) section drawings of structural members.

Figure 7: Non-zero spy shots of the stiffness matrix of the stiffened plate: (a) Initial stiffness matrix K, and (b) permuted stiffness matrix Kg.

nal block. The subscript c denotes the coupled blocks between
d and L. The matrices Mg and Kg are expressed with (k + 1)
block rows and columns, and a set S = {1, 2, · · · , k} is defined
with the superscripts denoting the diagonal blocks except for the
last.

It should be noted that, although Mg and Kg would be parti-
tioned into thousands of blocks in an algebraic way, the matrix
form in Equation (15) is identical to that derived by the physical
domain partitioning of the Craig–Bampton (CB) method (Craig &
Bampton, 1968; Craig & Kurdila, 2006). Therefore, we build the Ritz
basis matrix by using the substructural normal and constraint
modes of the CB method.

3.2. Projection of an initial FE model
Evaluating the projections of the partitioned matrices Mg and Kg

onto the subspace spanned by the Ritz basis matrix � ∈ R n × n̄, we
have

M̄r = �TMg�, K̄r = �TKg�, (16)
where n̄ is the number of the Ritz basis vectors considered in
the matrix �, and M̄r ∈ Rn̄ × n̄ and K̄r ∈ Rn̄ × n̄, respectively, are
the reduced mass and stiffness matrices corresponding to an
initial FE model. The accuracy of the reduced matrices de-
pends on the selection of the basis vectors in the Ritz basis
matrix �.
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Figure 8: The design modification of the stiffened plate: (a) Changes for the stringer and web frames, (b) stiffness change-matrix �K, and (c) permuted
stiffness change-matrix �Kg (432 diagonal blocks and 431 coupled blocks are modified).

When adopting a matrix block-partitioning scheme, the Ritz
basis matrix � can also be expressed with a block-partitioned ma-
trix form as

� =
[

V (1) · · · V (i) · · · V (k) VL

]
, (17)

and its blocks are defined as

V (1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
(1)
d

0
0
0
...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, V (i) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
...
0

�
(i)
d

0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, V (k) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
...
0

�
(k)
d

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, VL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
(1)
c

�
(2)
c

...

�
(i)
c

...

�
(k)
c

IL

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (18)

where V (i) is the Ritz basis block related to the ith diagonal
block (for ∀i ∈ S), and VL is the Ritz basis block associated with
the last diagonal block. The component matrices �

(i)
d and �

(i)
c ,

respectively, are the eigenvector matrix and constraint modes
matrix related to the ith diagonal block. IL is an identity ma-
trix the same size as the last diagonal block. The Ritz ba-
sis matrix � is expressed with (k + 1) block columns with V (i)

and VL.
In Equation (18), the component matrix �

(i)
d (for ∀i ∈ S) is com-

puted through the following block eigenvalue problems as
K (i)

d ϕ
(i)
j = λ

(i)
j M (i)

d ϕ
(i)
j for j = 1, 2, · · · , di, (19)

and the solution for di eigenpairs can be written as

K (i)
d �

(i)
d = M (i)

d �
(i)
d �

(i)
d with �

(i)
d =

[
ϕ

(i)
1 , · · · , ϕ

(i)
d i

]
,

�
(i)
d = diag(λ (i)

1 , · · · , λ
(i)
di

), (20)

where di and �
(i)
s , respectively, are the number of eigenpairs con-

sidered and the eigenvalue matrix for the ith block eigenvalue
problem.

After computing �
(i)
d , the Ritz basis block V (i) (for ∀i ∈ S) in Equa-

tion (17) can be easily calculated with a small amount of computer
memory because most component matrices in V (i) are zero ma-
trices except for the ith row component �

(i)
d .

To define the last Ritz basis block VL in Equation (18), the con-
straint modes matrix �

(i)
c is computed as follows:

�
(i)
c = − (K (i)

d )
−1

K (i)
c for ∀i ∈ S. (21)

Here, K (i)
d has already been factorized when solving the block

eigenvalue problem in Equation (19). Thus, �
(i)
c is computed by

only forward and backward substitutions.
Hence, using Equations (17–21), we can construct the Ritz basis

matrix �, and it is naturally identified that the number of block
eigenpairs di (for ∀i ∈ S) is closely related to the accuracy of the Ritz
basis matrix �. This means that as a large number of di are con-
sidered, the Ritz basis matrix � becomes more accurate, and thus,
using this, the eigenpairs can be approximated more precisely.

The next steps are the subspace projection to construct the re-
duced mass and stiffness matrices for the initial FE model. How-
ever, unlike the CA method, the subspace projection, i.e., M̄r =
� TMg� and K̄r = � TKg�, is not performed via direct matrix multi-
plications because these global matrix level computations induce
considerable computation times. Instead, we derive the resultant
formulation for the reduced matrices M̄r and K̄r expressed with a
block-partitioned matrix form.

Considering a block-partitioned matrix expression of Mg and Kg
in Equation (15) and � in Equation (17) into the subspace projec-
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Figure 9: Relative eigenvalue and eigenvector errors (ei and εi) obtained
by the CA and proposed methods in the stiffened plate reanalysis
problem.

tion M̄r = �TMg� and K̄r = �TKg� in Equation (16), we can derive
the following resultant formulations as

M̄r =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I(1)
d P(1)

c

...
...

I(i)
d P(i)

c

...
...

sym. I(k)
d P(k)

c

QL

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, K̄r =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
(1)
d

...

�
(i)
d

...

�
(k)
d

RL

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (22)

and the blocks are defined as follows:

I (i)
d = (� (i)

d )
T
M (i)

d �
(i)
d ,�

(i)
d = (� (i)

d )
T
K (i)

d �
(i)
d for ∀i ∈ S, (23a)

P (i)
c = (� (i)

d )
T
(M (i)

c + M (i)
d �

(i)
c ) for ∀i ∈ S, (23b)

Q L = M L +
k∑

i=1

M (i)
� with M (i)

� = (M (i)
c )

T
�

(i)
c + (� (i)

c )
T
(M (i)

c + M (i)
d �

(i)
c ),

(23c)

R L = K L +
k∑

i=1

K (i)
� with K (i)

� = (K (i)
c )

T
�

(i)
c , (23d)

where I (i)
d is an di × di identity matrix, and �

(i)
d is an di × di eigen-

value matrix already obtained in Equation (20). The last diagonal
blocks Q L and R L are computed by the cumulative sum of M (i)

� and
K (i)

� for ∀i ∈ S over the blocks M L and K L.

Table 5: The 1st ∼ 10th exact eigenvalues and the approximated
eigenvalues λ̃ i obtained by the CA and proposed methods in the
stiffened plate reanalysis problem.

Eigenvalue
number

Exact (via
ARPACK) CA Proposed

1 5.70085 5.70052 5.70084
2 5.89714 5.89713 5.89714
3 6.25709 6.25707 6.25709
4 6.63659 6.62578 6.63659
5 9.64264 9.63461 9.64264
6 12.12342 12.12159 12.12325
7 13.17093 13.17038 13.17080
8 15.78740 15.78661 15.78719
9 18.79059 18.78681 18.79046
10 20.62283 20.61599 20.62267

Table 1 shows the algorithm for constructing the reduced ma-
trices M̄r and K̄r. The reduced matrices M̄r and K̄r are saved as
an initial reduced model and reused each time a new analysis is
repeated.

When the initial FE model is modified, several blocks are
naturally modified as well. However, since the matrix block-
partitioning algorithm is applied and several thousand blocks may
possibly be defined for large-scale FE models, it is not easy to find
which blocks have been modified due to the modification. To han-
dle this, an algorithm that can automatically detect the modi-
fied blocks is needed, which will be discussed in the following
section.

3.3. Detection of the modified blocks
Denoting the global mass and stiffness matrices corresponding to
the modified FE model as M̃ and K̃, and subtracting with the initial
global matrices M and K, the following matrices can be obtained
as

�M = M̃ − M,�K = K̃ − K, (24)

where �M and �K, respectively, are the changes in the mass and
stiffness matrices.

Figure 2 shows an example of the modified FE model and non-
zero spy shot of the stiffness change-matrix �K, and �a denotes
the modified part. Fortunately, most FE software provides a func-
tion to extract the modified global matrices M̃ and K̃ constructed
by reassembling only the modified elements.

Then, the change-matrices �M and �K can be permuted and
partitioned by the permuting vector p already used in Equation
(14). Thus, we have

�Mg = �M(p, p),�Kg = �K(p, p). (25)

Because we use the same permuting vector p, we can define the
blocks of �Mg and �Kg with the same condition as Mg and Kg as
described in Equation (15).

Thus, in �Mg and �Kg, we can define the blocks �M(i)
d , �M(i)

c ,

�ML, �K(i)
d , �K(i)

c , and �KL. Figure 3 illustrates, e.g., the non-zero
spy shot of the permuted stiffness change-matrix �Kg and its
block-partitioning. The blocks �K(1)

d , �K(3)
d , �K(7)

d , �KL, �K(1)
c , �K(3)

c ,

and �K(7)
c are modified, and the remaining blocks are zero matri-

ces because they not affected by the modifications.
Calculating the trace (Bekas et al., 2007) of �M(i)

d (or �K(i)
d ), we

can identify whether the diagonal block has been modified. For
example, if tr(�M(i)

d ) is not equal to zero, the ith diagonal block has
been modified; however, if equal to zero, it has not been modified.
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Figure 10: The 1st ∼ 6th approximated eigenvectors ϕ̃i of the stiffened plate calculated by the proposed method.

Table 6: Specific computation time in the stiffened plate reanalysis problem.

Items Computation times (s)

Initial Reanalysis

CA Generalized eigenvalue problem 812.7 -
Calculation of the Ritz basis matrix vB - 341.0
Projection procedures of vT

BM̃ vB and vT
BK̃ vB - 117.4

Calculating new eigenpairs - 9.3
Total 812.7 467.7

Proposed Matrix block-partitioning 9.2 -
Calculation of the Ritz basis matrix � 30.4 -
Construction of M̄r and K̄r 344.1 -
Detection of the modified blocks - 0.3
Calculation of the new Ritz basis matrix �̃ - 3.8
Construction of M̃r and K̃r - 35.6
Calculating new eigenpairs 122.4 123.4
Total 506.1 163.1

Figure 11: Memory usage in the stiffened plate reanalysis problem: (a) CA method, and (b) proposed method.
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Figure 12: The FE model of the LNG carrier.

Using this logic, we can identify all modified diagonal blocks by
calculating the trace, i.e., tr(�M(i)

d ) for ∀i ∈ S. In the same way, the
last diagonal block can be checked if modified by tr(�ML).

If the ith diagonal block has been modified, the corresponding
coupled blocks (�M(i)

c and �K(i)
c ) must also have been modified.

Thus, it is only necessary to check the diagonal blocks. Table 2
shows the algorithm for detecting the modified blocks. In partic-
ular, this algorithm defines a set D of superscripts of the modified
diagonal blocks.

In the same way, using the permuting vector p, we have the
permuted matrices for the modified global matrices M̃ and K̃ as

M̃g = M̃ (p, p), K̃g = K̃(p, p), (26)

and using this set D, we can obtain the modified blocks M̃(i)
d , M̃(i)

c ,

and M̃L from M̃g, and K̃(i)
d , K̃(i)

c , and K̃L from K̃g. The set D will be
very useful for efficiently constructing the Ritz basis matrix and
the reduced matrices corresponding to the modified FE model.

3.4. Updating of the Ritz basis blocks and the
reduced matrices

As shown in Equation (17), remembering the Ritz basis matrix �

is expressed with (k + 1) block columns with V (i) (for ∀i ∈ S) and
VL, we can identify that the Ritz basis matrix �̃ corresponding to
the modified FE model can be easily computed by replacing the
ith column V (i) (for ∀i ∈ D) and the last column VL, i.e., the former
Ritz basis blocks of the initial FE model, with the updated Ritz
basis blocks Ṽ (i) (for ∀i ∈ D) and ṼL to be newly calculated.

The updated matrices �̃
(i)
d and �̃

(i)
c for constructing Ṽ (i) and Ṽ L

can be calculated by

K̃(i)
d �̃

(i)
d = M̃(i)

d �̃
(i)
d �̃

(i)
d , �̃

(i)
c = − (K̃(i)

d )
−1

(K̃(i)
c ) for ∀i ∈ D, (27)

and thus, the new Ritz basis matrix �̃ corresponding to the mod-
ified FE model can be constructed by updating the blocks as fol-
lows:

�̃ =
[

V(1) · · · Ṽ(i) · · · V(k) ṼL

]

with Ṽ(i) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
...
0

�̃
(i)
d

0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

for ∀i ∈ D, ṼL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
(1)
c

�
(2)
c

...

�̃
(i)
c

...

�
(k)
c

IL

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (28)

Table 3 shows the algorithm for constructing the new transfor-
mation matrix �̃ which is used for calculating the approximated
eigenvector ϕ̃i for the modified FE model.

Revisiting the resultant formulation of the initial reduced ma-
trices M̄r and K̄r in Equation (22), it can be identified that the new
reduced matrices corresponding to the modified FE model can be
constructed by just replacing the blocks I(i)

d , �
(i)
d , and P(i)

c for ∀i ∈ D
and the last diagonal blocks QL and RL. Because QL and RL are com-
puted by a cumulative block summation as described in Equations
(23c and 23d), it is required to update QL and RL only with the mod-
ified blocks.

Fortunately, I(i)
d is an identity matrix that does not need to be

changed, and the updated block for �
(i)
d (for ∀i ∈ D) is already com-

puted in Equation (27). Thus, we only have to update three blocks
P(i)

c , QL, and RL to construct the new reduced matrices.
Using �̃

(i)
d and �̃

(i)
c in Equation (27) and the modified blocks M̃(i)

d

and M̃(i)
c , the block P(i)

c in Equation (23b) is updated as

P̃(i)
c = (�̃(i)

d )
T
(M̃(i)

c + M̃(i)
d �̃

(i)
c ) for ∀i ∈ D. (29)

To update the blocks QL and RL, the cumulative blocks M(i)
� and

K(i)
� in Equations (23c and 23d) are updated as

M̃(i)
� = (M̃(i)

c )
T
�̃

(i)
c + (�̃(i)

c )
T
(M̃(i)

c + M̃(i)
d �̃

(i)
c ) for ∀i ∈ D, (30a)

K̃(i)
� = (K̃(i)

c )
T
�̃

(i)
c for ∀i ∈ D, (30b)

and then, QL and RL are updated by subtracting the former terms
(
∑
i∈D

M(i)
� and

∑
i∈D

K(i)
� ) and adding the new terms (

∑
i∈D

M̃(i)
� and

∑
i∈D

K̃(i)
� )

as follows:
Q̃L = M̃L −

∑
i∈D

M(i)
� +

∑
i∈D

M̃(i)
� , R̃L = K̃L −

∑
i∈D

K(i)
� +

∑
i∈D

K̃(i)
� , (31)

where we can reuse M(i)
� and K(i)

� (for ∀i ∈ D), already computed
in Equations (23c and 23d), for calculating the former terms

∑
i∈D

M(i)
�

and
∑
i∈D

K(i)
� .

Finally, by replacing P(i)
c , QL, and RL with P̃(i)

c , Q̃L, and R̃L, we can
obtain the new reduced matrices M̃r and K̃r corresponding to the
modified FE model. The algorithm to update the reduced matrices
is described in Table 4.

Figure 4 shows the updating process of the initial reduced ma-
trices M̄r and K̄r schematically. We can identify the following facts
that, when a modification occurs, the last block and the coupled
blocks (for ∀i ∈ D) are modified in M̄r, and the diagonal blocks (for
∀i ∈ D) and the last block are modified in K̄r.

Solving the following reduced generalized eigenvalue problem
with M̃r ∈ Rn̄ × n̄ and K̃r ∈ Rn̄ × n̄, we can obtain p eigenpairs as fol-
lows:

K̃rY = M̃rY� with Y =
[

y1 · · · yp

]
,� = diag(μ1, · · · , μp), (32)

where Y is a matrix storing the Ritz coordinate vectors y1, · · · , yp,
and � is a diagonal matrix listing the eigenvalues of the reduced
model. Then, we can obtain the approximated eigenpair, (λ̃ i , ϕ̃i ),
for the modified FE model as follows:

λ̃ i = μ i f or i = 1, 2, · · · , p, (33a)

�̃ = �̃ Y with �̃ = [
ϕ̃1 · · · ϕ̃p

]
. (33b)

The flow chart of the proposed method, which consists of the
four algorithms mentioned above, is presented in Fig. 5.

4. Application to Practical Reanalysis
Problems
In this section, to verify the performance of the proposed eigen-
pair reanalysis method, we considered two practical reanaly-
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Figure 13: Non-zero spy shots of the stiffness matrix of the LNG carrier: (a) Initial stiffness matrix K, and (b) permuted stiffness matrix Kg.

Figure 14: Corrosion inspection areas of the LNG carrier: (a) Deck plate
near pump towers, and (b) bulkheads and web sections of the ballast
tank.

Table 7: Corrosion inspection data for the LNG carrier.

Inspection areas Thickness (mm)

Initial Inspected

No. 1 Deck 32.0 30.3
No. 2 Deck 32.0 29.9
No. 3 Deck 32.0 30.1
No. 4 Deck 32.0 29.5
No. 1 Bulkhead 28.0 25.4
No. 4 Bulkhead 28.0 25.2
No. 1 Web 25.0 22.1
No. 2 Web 25.0 21.7
No. 4 Web 25.0 22.3

sis problems: design modifications for a stiffened plate and
corrosion-thickness updating of an LNG carrier. Specifically, by
solving these problems, the advantages of the proposed method
were investigated and compared to the CA method in terms of
the solution accuracy, computation time, and required computer
memory.

For all problems, to obtain a block-partitioned matrix with the
permuting vector p, METIS (Karypis & Kumar, 1998) was used, an
open-source code for the graph partitioning. Fortran 90 was used
for implementation of the CA and proposed methods. For an effi-
cient computation, the compressed sparse row (CSR) matrix for-
mat (Buluç et al., 2009) was used to construct matrices and vectors
and also used for computing between them.

A personal computer with Intel i7-8700 3.20 GHz and 32 GB of
memory was used for the computation. To obtain the initial global
matrices (M and K) and the corresponding modified matrices (M̃
and K̃), we used an extraction function provided in Abaqus (Hib-
bitt et al., 2011).

The extracted matrices were initially stored in the coordinate
format, commonly referred to as the “COO” matrix format (Dang &
Schmidt, 2012), and later converted to the CSR format for efficient
computation. Additionally, since the eigenvalue problem did not
consider a force boundary condition, a free boundary condition
was applied to all numerical examples.

To verify the accuracy of the eigenpairs obtained by the CA and
proposed methods, the following relative eigenvalue and eigen-
vector errors (Pastor et al., 2012; Yang et al., 2006) were used:

ei =
∣∣λ̃ i − λ i

∣∣
λ i

, (34)

εi = 1 − cos2θi with cos2θi =
∣∣ϕ̃T

i ϕi

∣∣2
(ϕ̃T

i ϕ̃i )(ϕT
i ϕi )

, (35)

where ei and εi, respectively, are the relative eigenvalue and eigen-
vector errors for the ith eigenpair. Here, (λ i , ϕi ) is the exact eigen-
pair, and (λ̃ i , ϕ̃i ) is the approximated eigenpair calculated by the
CA method or the proposed method.

To compute the exact eigenpairs (λ i , ϕi ), we used ARPACK
(Lehoucq et al., 1998), a numerical software library based on FOR-
TRAN. ARPACK efficiently calculates a few eigenpairs of large
sparse matrices using variants of the Lanczos algorithm (Grimes
et al., 1994) in the case of symmetric matrices. It is a popular and
powerful tool for solving eigenvalue problems in large FE models.

Furthermore, in this study, the parallel direct sparse solver in-
terface (PARDISO; Schenk et al., 2001), a numerical code based
on FORTRAN and available in the Intel Math Kernel Library, was
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Figure 15: Detection of the modified blocks in the LNG carrier problem: (a) Stiffness change-matrix �K, and (b) permuted stiffness change-matrix �Kg

(133 diagonal blocks and 132 coupled blocks are modified).

Figure 16: Relative eigenvalue and eigenvector errors (ei and εi) obtained
by the CA and proposed methods in the LNG carrier reanalysis problem.

employed to compute linear systems of equations. In the CA
method, PARDISO was used to compute the matrices and vec-
tors, B = K−1�K in Equation (4) and r̄1 = K−1M̃ ϕi in Equation (7),
while in the proposed method, it was utilized to calculate the

Table 8: Diagonal values of the POC matrices in the LNG carrier
reanalysis problem.

Eigenvector
number CA Proposed

141 0.85 222 0.95807
142 0.70264 0.92899
143 0.80277 0.96996
144 0.50234 0.98951
145 0.68222 0.99816
146 0.58231 0.99837
147 0.86254 0.99681
148 0.89287 0.99893
149 0.72298 0.99803
150 0.81288 0.99976

constraint mode matrices �
(i)
c = − (K (i)

d )
−1

K (i)
c in Equation (21) and

�̃
(i)
c = − (K̃(i)

d )
−1

(K̃(i)
c ) in Equation (27).

4.1. Design modifications for a stiffened plate
The stiffened plate is a key component of large steel structures,
such as airplanes, ships, and offshore structures. Eigenvalue anal-
ysis is essential in the design of stiffened plates, and it is repeated
until the scantlings of the structural members of the stiffened
plate, such as stringers, web frames, and flat bars, are determined.
Therefore, we considered cases where modifications were made
to these structural members, specifically changes in thickness
and materials. Based on these modifications, the corresponding
FE models were constructed.

As shown in Fig. 6, we considered a stiffened plate consisting
of flat bars, web frames, and stringers. The length L and breadth B
were 8.5 and 9.0 m, respectively, and the thickness of the plate was
23.0 mm, and mild steel was used (Young’s modulus E = 206 GPa,
Poisson’s ratio υ = 0.3, and density ρ = 7850 kg/m3). The spacing
of the flat bar, web frame, and stringer (b, w, and l) were 0.4, 2.8,
and 3.0 m, respectively.

The stiffened plate consists of one main plate, two stringers,
two web frames, and eighteen flat bars. It was modeled using
289 265 four-node shell elements, and the total number of DOF
was 1735590. Figure 7 shows the non-zero spy shots of the ini-
tial global stiffness matrix K and the permuted stiffness matrix
Kg of the stiffened plate FE model. Additionally, 2049 diagonal
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Figure 17: POC matrices in the LNG carrier reanalysis problem: (a) CA
method and (b) proposed method.

blocks and 2048 coupled blocks were defined in the permuted
matrix Kg.

We considered a design modification in which the thickness
and material of structural members were modified shown in
Fig. 8(a), and the material of the stringer and web frame was
changed to high-strength steel, and their flange thickness was
changed to 20 and 24 mm, respectively. The number of the
elements corresponding to the modified part �a was 53 102.
Figure 8(b) shows the stiffness change-matrix �K resulting from
the modified part �a, and Fig. 8(c) shows its permuted stiffness
change-matrix �Kg for detecting the modified blocks. By the pro-
posed algorithm shown in Table 2, the set D is defined, and 432
diagonal blocks and 431 coupled blocks were modified due to the
changes.

We calculated 100 approximated eigenpairs (λ̃ i , ϕ̃i ) of the mod-
ified stiffened plate FE model by using the CA and proposed meth-
ods. In the CA method, the Ritz basis matrix vB was constructed
with s = 3, and in the proposed method, the initial Ritz basis ma-

trix � was constructed with di = 1 for all diagonal blocks (for
∀i ∈ S) and updated with di = 1 for all modified diagonal blocks
(for ∀i ∈ D) to obtain the new Ritz basis matrix �̃.

Figure 9 shows the relative eigenvalue and eigenvector errors (ei

and εi) obtained by the CA and proposed methods, and Table 5 lists
the 1st ∼ 10th exact eigenvalues and the corresponding approxi-
mated eigenvalues λ̃ i obtained by the CA and proposed methods.
The proposed method produces more accurate solutions com-
pared to the CA method. Figure 10 shows the 1st ∼ 6th approx-
imated eigenvectors ϕ̃i obtained by the proposed method.

Table 6 shows the specific computation time of the CA and
proposed methods in the stiffened plate reanalysis problem, and
Fig. 11 shows the memory usage of the CA and the proposed
methods.

The proposed method only requires 163.1 s and 7.4 GB to
compute 100 approximated eigenpairs, while the CA method re-
quires 467.7 s and 17.3 GB, respectively. From these results, we can
conclude that the proposed method produces accurate solutions
more economically in terms of the computation time and com-
puter memory than in the CA method.

4.2. Corrosion-thickness updating of an LNG
carrier

The service life of an LNG carrier is typically around 25 yr or more,
during which the structural members are exposed to corrosive en-
vironments that may cause critical damage. The deck plates near
the pump tower and ballast tanks are particularly vulnerable to
these environments. Therefore, it is crucial to periodically evalu-
ate the dynamic properties of the LNG carrier by considering the
corrosion thickness measured during inspections, to ensure that
the structural integrity remains adequate. Based on this inspec-
tion, corresponding modified FE models of the LNG carrier were
constructed.

The FE model of the LNG carrier, shown in Fig. 12, has a length
L of 158 m, a breadth B of 46 m, and a height H of 36 m. It con-
sists of 451 284 three- and four-node shell elements, with a total
of 2526 168 DOF. It should be noted that the FE model of the LNG
carrier only includes the modeling of the hull structure, excluding
the containment system.

Figure 13 shows the non-zero spy shots of the initial global stiff-
ness matrices K and its permuted matrix Kg of the LNG FE model.
Moreover, 4097 diagonal blocks and 4096 coupled blocks were de-
fined in the block-partitioned matrix Kg.

Figure 14 shows the corrosion inspection areas of the LNG car-
rier, and the inspection data are listed in Table 7. The number of
the elements corresponding to the corrosion domain part �a was
5031. Based on the data in Table 7, the FE model of the LNG carrier
is modified.

Figure 15 shows the detection of the modified blocks in �Kg.
Using the detection algorithm developed, the modified block set
D is obtained, and 133 diagonal blocks and 132 coupled blocks are
modified in this problem.

In this problem, 150 approximated eigenpairs (λ̃ i , ϕ̃i ) were cal-
culated. The Ritz basis matrix vB with s = 4 was considered in the
CA method. In the proposed method, the initial Ritz basis matrix
� with di = 1 for ∀i ∈ S was considered, and the updated Ritz basis
matrix �̃ was calculated with di = 1 for ∀i ∈ D.

To check the orthogonality between the exact global eigenvec-
tor ϕi and the approximated eigenvector ϕ̃i calculated by the CA
and proposed methods, the following pseudo-orthogonality check
(POC; Warren et al., 2011) was used as follows:

POCi j = ϕ̃
T
i Mϕ j, (36)
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Table 9: Specific computation time in the LNG carrier reanalysis problem.

Items Computation times (s)

Initial Reanalysis

CA Generalized eigenvalue problem 2541.8 -
Calculation of the Ritz basis matrix vB - 991.4
Projection procedures of vT

BM̃ vB and vT
BK̃ vB - 256.7

Calculating new eigenpairs - 11.5
Total 2541.8 1259.6

Proposed Matrix block-partitioning 14.4 -
Calculation of the Ritz basis matrix � 71.2 -
Construction of M̄r and K̄r 827.5 -
Detection of the modified blocks - 0.5
Calculation of the new Ritz basis matrix �̃ - 3.5
Construction of M̃r and K̃r - 26.6
Calculating new eigenpairs 574.5 573.2
Total 1487.6 603.8

Figure 18: Memory usage in the LNG carrier reanalysis problem: (a) CA method, and (b) proposed method.

Figure 19: The benchmark test FE model.

where POCi j represents the element of the ith row and the jth
column of the POC matrix. If the value of POCi j is closer to 1.0, the

eigenvectors ϕ̃i and ϕ j are almost identical, and if closer to zero,
those are considered orthogonal to each other.

The relative eigenpair errors (ei and εi) obtained by the CA and
proposed methods are shown in Fig. 16. The POC matrices ob-
tained by the CA and proposed methods are drawn in Fig. 17, and
its diagonal values corresponding to the 141st ∼ 150th eigenvec-
tors are listed in Table 8.

Table 9 and Fig. 18 show the specific computation time and
memory usage of the CA and proposed methods in the LNG car-
rier reanalysis problem. To compute 150 approximated eigenpairs
(λ̃ i , ϕ̃i ), the proposed method only requires 603.8 s and 12.7 GB,
while the CA method requires 1259.7 s and 30.8 GB (96.2% of the
total memory), respectively. Furthermore, in the case of the CA
method, it is not possible to calculate more eigenpairs over 150
due to a lack of memory.

From these results, we can conclude that the proposed method
produces accurate solutions more economically in terms of the
computation time and memory compared to the CA method. This
is because the initial Ritz basis matrix � and the reduced matri-
ces (M̄r and K̄r) are saved, and only the modified blocks in �, M̄r,
and K̄r are rapidly updated to construct new ones. This is the most
compelling aspect of the proposed method to reduce the compu-
tation time and memory for solving large-scale FE models.

Certainly, by taking advantage of the matrix block-
partitioning algorithm providing thousands of blocks, i.e.,
very tiny submatrices, the computation time and com-
puter memory can be effectively managed even for han-
dling large FE models containing over several million
DOF.
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Table 10: Discretization cases for the benchmark test.

Discretization case Number of DOFs Number of elements Number of modified elements

1 20 × 20 2646 400 40
2 50 × 50 15606 2500 250
3 200 × 200 242406 40000 4000
4 650 × 650 2542 806 422500 42250
5 1310 × 1310 10312326 1716100 171610

Table 11: Computation time results in the benchmark test.

Items Computation times (s)

Case 1 Case 2 Case 3 Case 4 Case 5

Initial ARPACK 5.2 17.4 302.5 5013.8 18741.2
CA 6.7 22.2 350.8 6122.4 20952.4

Proposed 3.9 12.2 188.1 3188.8 10235.4

Reanalysis ARPACK 5.1 17.2 302.8 5014.1 18743.2
CA 3.1 10.7 145.1 2054.2 8892.5

Proposed 1.9 5.8 58.5 735.4 2123.2

Figure 20: Comparison of the computation time in the benchmark test:
(a) Initial analysis, and (b) reanalysis.

5. Computational Efficiency Comparison
In this section, we conducted a benchmark test to closely inves-
tigate the computational efficiency of the proposed method in
terms of computation time and memory usage. The results were
compared with those of the CA method and ARPACK.

As shown in Fig. 19, we used a square plate FE model for the
benchmark test, with a length L and breadth B of 20 m and a
thickness of 30 mm. Mild steel was used, and the free boundary
condition was applied, as in the previous stiffened plate problem.
To evaluate performance as the size of the FE model increased,
we discretized the square plate into 20 × 20, 50 × 50, 200 × 200,
650 × 650, and 1310 × 1310 meshes, resulting in DOFs ranges from
103 to 107. As shown in Table 10, we considered five discretization
cases for the benchmark test.

The modified FE model for each discretization case was defined
by selecting 10% of the total number of elements from the center
of the FE model and designating them as the modified elements
with a thickness change from 30 mm to 20 mm. Table 10 lists
the total number of DOFs, elements, and modified elements for
each case. All models were tested on the AMD Ryzen Threadrip-
per 2950 × 3.5 GHz with 128 GB memory, and the computation
time and memory usage required to compute 300 eigenpairs for
each method were investigated.

Tables 11 and 12 list the computation time and memory usage
results obtained from the initial analysis and reanalysis for each
discretization case of each method, respectively. The results are
plotted in Figs. 20 and 21.

From Figs. 20 and 21, it can be seen that the performance differ-
ences between the methods were not noticeable for the number of
DOFs less than 105. However, as the number of DOFs increased be-
yond 105, the proposed method’s performance tended to improve
compared to the other methods. To obtain a clearer picture of this
trend, we calculated the computational time ratio between the
methods using the results from Table 11, listed them in Table 13,
and plotted the ratios in Fig. 22.

From these results, we can derive the first advantage of the
proposed method: as the size of the FE model to be analyzed
increases, the proposed method’s performance becomes more
efficient than other methods, both in the initial analysis and
reanalysis. Moreover, the performance of the proposed method
was significantly improved in reanalysis. Additionally, since the
proposed method was more efficient than ARPACK in the ini-
tial analysis, it can be concluded that the proposed method can
be used as an eigenvalue solver for large FE models instead of
ARPACK.

D
ow

nloaded from
 https://academ

ic.oup.com
/jcde/article/10/3/959/7112094 by guest on 31 August 2023



Journal of Computational Design and Engineering, 2023, 10(3), 959–978 | 975

Table 12: Memory usage results in the benchmark test.

Items Memory usage (GB)

Case 1 Case 2 Case 3 Case 4 Case 5

Initial ARPACK 0.1 0.3 2.6 40.4 119.5
CA 0.1 0.3 2.7 42.2 127.3

Proposed 0.1 0.2 1.6 18.5 46.8

Reanalysis ARPACK 0.1 0.3 2.6 40.3 119.6
CA 0.1 0.2 2.1 31.5 89.5

Proposed 0.1 0.2 1.5 18.6 46.7

Figure 21: Comparison of the memory usage in the benchmark test: (a)
Initial analysis, and (b) reanalysis.

However, it should be noted that, as mentioned in the previ-
ous section, ARPACK provides “exact” solutions, while the pro-
posed method’s solution is based on the Ritz basis matrix con-

structed by the selected Ritz basis, making it an “approximated”
solution. This is a fundamental limitation of Rayleigh–Ritz-based
methods, such as the CA and proposed methods. Therefore, to
improve solution accuracy, it is necessary to consider error anal-
ysis until the solution converges within the designated error
tolerance.

Another advantage of the proposed method is that, as shown
in Table 12 and Fig. 21, it requires less memory usage than other
methods in both initial and reanalysis. Therefore, for an optimiza-
tion problem that involves several repeated analyses, the pro-
posed method can provide a more economical solution with better
memory management than other methods.

The proposed method also offers the advantage of paralleliza-
tion. The FE matrices in the proposed method are partitioned into
thousands of blocks, with all diagonal blocks decoupled from each
other. This allows for simultaneous distribution of these blocks to
each thread. Furthermore, since all formulations are expressed
with block-matrix computations, an immediate application of a
parallel algorithm to the proposed method is possible. Applying
parallelization can greatly improve the computational efficiency
of the proposed method.

6. Conclusions
In this study, we presented a novel and effective eigenpair re-
analysis method for handling large-scale FE models. By applying
the matrix block-partitioning algorithm to the Rayleigh–Ritz ap-
proach, we derived efficient formulations of the Ritz basis ma-
trix and the reduced matrices in the form of thousands of tiny
blocks. To enable efficient eigenpair reanalysis, we developed an
algorithm that automatically recognizes which blocks were mod-
ified in the modified FE model. Using this algorithm, the new Ritz
basis matrix and the reduced matrices could be easily obtained by
recalculating and replacing only the detected blocks. We verified
the performance of the proposed method by solving two practi-
cal engineering problems and compared it with the CA method
in terms of solution accuracy, computation time, and required
computer memory. Furthermore, to closely examine the computa-
tional efficiency of the proposed method, we conducted a bench-

Table 13: Computation time ratio between methods in the benchmark test.

Items Computation time ratio

Case 1 Case 2 Case 3 Case 4 Case 5

Initial ARPACK / Proposed 1.3 1.4 1.6 1.6 1.8
CA / Proposed 1.7 1.8 1.9 1.9 2.0

Reanalysis ARPACK / Proposed 2.7 3.0 5.2 6.8 8.8
CA / Proposed 1.6 1.8 2.5 2.8 4.2
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Figure 22: The plot of the computation time ratio in the benchmark test: (a) Initial analysis, and (b) reanalysis.

mark test and compared the results with those of the CA method
and ARPACK. From the results, the following conclusions were
drawn:

(i) The proposed method provided more precise solutions
more efficiently than the CA method for the two practical
engineering problems.

(ii) The performance of the proposed method tended to be
much better than that of the CA method and ARPACK as the
number of DOFs increases, making it more effective than
other methods when solving large FE problems.

(iii) The proposed method was also more efficient than ARPACK
in the initial analysis, so it can be used as an eigenvalue
solver for large FE models.

(iv) Therefore, the proposed method can have the advantage
of providing solutions with efficient calculation time and
lower memory usage compared to other methods when
performing an iterative analysis, such as an optimization
problem.

(v) In future works, it would be valuable to develop an updat-
ing algorithm for topological modification problems and to
further improve the computational efficiency of the pro-
posed method by applying block CSR storage (Eberhardt &
Hoemmen, 2016), parallel algorithms (Hyun & Lee, 2021),
or artificial intelligence technologies.
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