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In this paper, a novel dynamic condensation method is proposed with free interface sub-
structuring, in which the substructures are completely decoupled. The substructures are
independently defined and the substructural finite element (FE) models are individually
reduced by adopting the improved reduced system (IRS) method. The reduced mass and
stiffness matrices of substructures are assembled using a Lagrange multiplier vector, lead-
ing to the final reduced model. Using the proposed method, each of the substructural FE
models can be reduced in parallel without coupling among the neighboring substructures.
Thus, the method can be applied with ease to substructures connected through non-
matching meshes. Moreover, complicated substructural interfaces can be accommodated
when employing this method. The formulation of the proposed method is presented in
detail, and its accuracy, computational efficiency, and modeling ability are investigated
using several demonstrative engineering problems.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

For several decades, dynamic condensation [1–9] and component mode synthesis (CMS) [10–25] methods have been
widely used to obtain reduced models in many engineering fields. The distinct difference between those methods is that,
while dynamic condensations [1–9] provide reduced models in physical coordinates, CMS methods [10–25] provide those
in modal (non-physical) coordinates. Due to this fact, the methods have been utilized in different applications. In particular,
dynamic condensations are specialized for experimental-finite element (FE) model correlation, sensor positioning, and FE
model updating [6–9].

In automobile, aerospace, and shipbuilding industries, structures are constructed by combining many small and large
substructures (component structures). The substructures are individually designed, manufactured, and tested by different
development groups. For analyzing an entire structure, it is beneficial to construct a finite element (FE) model of the struc-
ture by integrating the substructural FE models already built by each development group. This is especially useful, when fre-
quent design modifications are necessary for individual substructures. Such substructuring is a key feature of the CMS
methods [10–25]. However, the original dynamic condensation methods [1–9] do not offer these advantageous features
of substructuring. It is also difficult to handle the FE models with large degrees of freedom (DOF) using the methods.
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Bouhaddi and Fillod applied substructuring to Guyan reduction [26,27]. Cho et al. applied physical domain-based sub-
structuring to the improved reduced system (IRS) and the iterative IRS methods, and employed a penalty frame method
for considering non-matched subdomains [28–31]. These substructuring algorithms were based on a fixed interface bound-
ary. The substructures were coupled through a unique set of physical interface DOFs. While the algorithms are simple and
robust, a fully coupled FE model is required in advance to obtain a reduced model [26–33].

In this study, we focus on developing a dynamic condensation method with free interface substructuring, in which the
substructural FE models employ a fully decoupled computation. The new method provides several advantages owing to
the free interface substructuring [19–23]. Complicated physical interfaces and non-matching meshes among the substruc-
tures can be handled easily. Individual substructural FE models are independently defined using the substructural equations
of motion and compatibility conditions with a free interface boundary. Then, the substructural models are reduced by adopt-
ing the IRS method [2]. The reduced mass and stiffness matrices are obtained through a simple assembly of reduced sub-
structural matrices.

The two novel features of the proposed method are as follows: first, the complete independence of each substructural FE
model is maintained during the reduction process. A local change in a substructural FE model does not require an update of
the entire reduced model and thus, the method is effective, when frequent reanalysis is required due to design modifications.
Second, the method can handle relatively large and complex FE models compared to Guyan reduction [1] and the IRS meth-
ods [2]. Complicated substructural interfaces (e.g., hinge, slip, contact, etc.) and substructures with non-matching meshes
can be modeled using this method.

In Section 2, we briefly review the IRS method [2]. In Section 3, the substructuring algorithm with free interface is intro-
duced and the formulation and reduction procedures of the proposed method are described. In Section 4, the performance
and the modeling ability of the proposed method is presented using various numerical examples. Finally, the conclusions are
presented in Section 5.

2. Improved reduced system (IRS) method

In this section, we briefly introduce the formulation of the improved reduced system (IRS) method, see Ref. [2] for
detailed derivations.

In the IRS method, the equations of motion for undamped free vibration are given by
Fig. 1.
Reduce
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in which Mg and Kg are the mass and stiffness matrices for the global (original) FE model (see Fig. 1a), and Ug is the corre-
sponding displacement vector. The subscripts s and m denote the ‘slave’ and ‘master’ DOFs, respectively (see Fig. 1b). Note
that (��) = d2( )/dt2 with time variable t.

Considering the harmonic response Ug ¼ ugeixt in Eq. (1), the original eigenvalue problem can be indicated by
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where k and ug are the eigenvalue (k ¼ x2) and eigenvector of the global FE model, and us and um are the eigenvectors cor-
responding to the slave and master DOFs (Us and Um), respectively. From the first row in Eq. (2), us is represented by
Master node

)c()b()a(

Reduction procedure of the IRS method: (a) Original FE model, (b) Selection of master nodes (The remaining unselected nodes are slave nodes.), (c)
d model.
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us ¼ �ðKss � kMssÞ�1ðKsm � kMsmÞum: ð3Þ

Using the Neumann series expansion [13–20], Eq. (3) can be expanded
us ¼ �ðK�1
ss þ kK�1

ss MssK
�1
ss þ oðk2Þ þ oðk3Þ þ � � �ÞðKsm � kMsmÞum; ð4Þ
and neglecting terms higher than the order of k, us is approximated as follows
us � u
�
s ¼ ½�K�1

ss Ksm þ kK�1
ss ðMsm �MssK

�1
ss KsmÞ�um: ð5Þ
Then, the global eigenvector ug can be approximated as
ug � u
�
g ¼ u

�
s

um

" #
¼ ðT0 þ kTaÞum; ð6aÞ

withT0 ¼ �K�1
ss Ksm
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ss ðMsm �MssK
�1
ss KsmÞ

0

" #
; ð6bÞ
where T0 is called the Guyan transformation matrix [1], Ta is the additional transformation matrix containing the inertial
effect of the slave DOFs, and Im is the identity matrix corresponding to the master DOFs.

In the Guyan reduction, the approximated global eigenvector u
�
g is simply defined by
u
�
g ¼ T0um; ð7Þ
and then, the reduced eigenvalue problem is obtained by
K
�
0um ¼ k

�
M
�

0um withM
�

0 ¼ TT
0MgT0; K

�
0 ¼ TT

0KgT0; ð8Þ
in which M
�

0 and K
�
0 are the reduced mass and stiffness matrices, and k

�
is the approximated eigenvalue in the Guyan

reduction.

Multiplying M
�

�1
0 on the both sides of Eq. (8), the following relation is obtained
k
�
um ¼ H0um withH0 ¼ M

� �1
0 K

�
0: ð9Þ
In Eq. (6a), using k
�
instead of k, and applying the relation k

�
um ¼ H0um in Eq. (9), the approximated global eigenvector u

�
g

can be more accurately defined as follows
u
�
g ¼ T1um with T1 ¼ T0 þ TaH0; ð10Þ
where T1 is the transformation matrix of the IRS method [2].
Using the transformation matrix in Eq. (10), the reduced mass and stiffness matrices in the IRS method (see Fig. 1c) are

calculated as
M
�

1 ¼ TT
1MgT1 ¼ M

�
0 þ TT

0MgTaH0 þHT
0T

T
aMgT0 þHT

0T
T
aMgTaH0; ð11aÞ
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0T
T
aKgTaH0: ð11bÞ
Finally, the reduced eigenvalue problem in the IRS method is given by
K
�
1ðu

�
1Þi ¼ ðk

�
1ÞiM

�
1ðu

�
1Þi for i ¼ 1;2; � � � ;Nm; ð12Þ
where ðk
�
1Þi and ðu� 1Þi are the approximated ith eigenvalues and the corresponding eigenvectors, and Nm is the number of mas-

ter DOFs, which determines the size of the reduced model.
In the IRS method, the global structural FE model is considered without substructuring. However, for a large FE model, the

construction of T1 in Eq. (10) is computationally heavy or even impossible in a personal computer, because it contains expen-
sive computations such as inversion of the large submatrix, K�1

ss in Eq. (6). Boo and Lee overcame this issue in the algebraic
dynamic condensation (ADC) method [32,33].

3. A new dynamic condensation method

In this section, we derive the formulation of a new dynamic condensation method with free interface substructuring. A
free interface substructuring is performed, and each substructure is independently reduced by employing the IRS method.
The reduced model is obtained by assembly of the substructural matrices calculated.



J.-H. Kim et al. /Mechanical Systems and Signal Processing 129 (2019) 218–234 221
3.1. Free interface substructuring

In the proposed method, the global FE model is constructed of the Ns substructures assembled, which are interconnected
through a free interface boundary C, using the compatibility between the interconnecting force and interface displacement,
see Fig. 2.

In free interface substructuring [19–23], the linear dynamic equations for each substructure can be individually expressed
by
(c)

(a)

Fig. 2.
forces (
MðkÞ €U
ðkÞ þ KðkÞUðkÞ þ BðkÞc ¼ fðkÞ for k ¼ 1; � � � ;Ns; ð13Þ
where MðkÞ and KðkÞ denote the mass and stiffness matrices of the kth substructure, UðkÞ is the corresponding displacement

vector, and fðkÞ is the external load vector applied to the substructure. To satisfy the force equilibrium in the assembly,

BðkÞc is applied as the interconnecting force between substructures with Boolean matrix BðkÞ ¼ 0
bðkÞ

� �
and the Lagrange mul-

tiplier vector c. Note that, unlike the previous studies [19–22], we express the Boolean matrix as B instead of BT .
To satisfy the displacement compatibility, the following constraint equation is explicitly enforced [19–23].
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Assemblage of substructures and interface handling in the proposed method (Ns ¼ 4) [23]: (a) Substructures, X1, X2, X3, and X4, (b) Interconnecting
l) and interface displacement (uðkÞ

b ), (c) Assembled FE model X with its interface boundary C.



222 J.-H. Kim et al. /Mechanical Systems and Signal Processing 129 (2019) 218–234
in which UðkÞ
b is the interface displacement vector of the kth substructure, and bðkÞ is a signed Boolean matrix.

Using the linear dynamic equations for each substructure in Eq. (13) and the compatibility constraint equation in Eq. (14),
the dynamic equilibrium equation of the global FE model (see Fig. 2c) is assembled as
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� � €U
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; ð15aÞ
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whereM and K are the block-diagonal mass and stiffness matrices that consist of the substructural mass and stiffness matri-

ces (MðkÞ and KðkÞ).
Then, the global eigenpairs are obtained from the following eigenvalue problem
KgðugÞi ¼ ðkgÞiMgðugÞi for i ¼ 1; � � � ;Ng ; ð16aÞ

with Mg ¼
M 0
0 0

� �
; Kg ¼

K B
BT 0

� �
; ð16bÞ
in which ðkgÞi and ðugÞi are the global eigenvalue and eigenvector of the ith global mode, respectively, and Ng is the number of
DOFs in the assembled global FE model. This number is the sum of the numbers of interface and substructural DOFs

(Ng ¼ Nl þPNs
k¼1N

ðkÞ, where Nl is the number of Lagrange multipliers and NðkÞ is the number of DOFs in the kth substructure).

3.2. Substructural reduction

In Eq. (15), the dynamic equilibrium equations corresponding to the kth substructure can be extracted as
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" #
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" #
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" #
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" #
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0
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; ð17Þ
and then the eigenvalue problem of the kth substructure is given by
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in which uðkÞ and l are the eigenvectors corresponding to the substructural displacement vector UðkÞ and the Lagrange mul-

tiplier vector c, respectively, and kðkÞ is the eigenvalue of the kth substructure.

The substructural quantities (MðkÞ, KðkÞ, BðkÞ, and uðkÞ) are decomposed into master and slave parts as follows
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ss MðkÞ

sm

MðkÞ
ms MðkÞ

mm

" #
; KðkÞ ¼ KðkÞ

ss KðkÞ
sm

KðkÞ
ms KðkÞ

mm

" #
; BðkÞ ¼ BðkÞ

s

BðkÞ
m

" #
;uðkÞ ¼ uðkÞ

s

uðkÞ
m

" #
; ð19Þ
where the master DOFs are selected by using the ratio of the diagonal components of mass and stiffness matrices [34,35].

Substituting Eq. (19) into Eq. (18), the eigenvalue problem of the kth substructure can be rewritten as
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From the first row in Eq. (20), uðkÞ
s is represented by
uðkÞ
s ¼ �ðKðkÞ

ss � kðkÞMðkÞ
ss Þ

�1½ðKðkÞ
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Eq. (21) can be expanded by a Neumann series [13–20]. Neglecting terms higher than the order of kðkÞ, the slave displace-

ment vector is approximated as
uðkÞ
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PðkÞ
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Then, using u
�ðkÞ
s instead of uðkÞ

s , the eigenvector of the kth substructure in Eq. (20) is approximated as
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where TðkÞ
0 is the Guyan transformation matrix reflecting the free interface substructuring, TðkÞ

a is the additional transforma-

tion matrix containing the inertial effects of the slave DOFs of the kth substructure. Here, IðkÞm and Il are the identity matrices

corresponding to the master DOFs of the kth substructure and Lagrange multiplier, respectively.

Considering only the transformationmatrix TðkÞ
0 in Eq. (24b), the eigenvalue problem corresponding to the kth substructure

in Eq. (20) is reduced as follows
K
�ðkÞ
0
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M
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0
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with M
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in which k
�ðkÞ

is the approximated eigenvalue of the kth substructure.

Pre-multiplying ðM
� ðkÞ

0 Þ
�1

on the both sides of Eq. (25a), the following relation is obtained
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K
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Substituting Eq. (26) into Eq. (24a), the approximated eigenvector of the kth substructure is redefined as
u
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s

uðkÞ
m

l

2
64

3
75 ¼ TðkÞ

1
uðkÞ
m

l

" #
with TðkÞ
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where TðkÞ
1 is the transformation matrix of the proposed method. Here, HðkÞ is decomposed into the master and Lagrange

multiplier parts as follows:
HðkÞ ¼
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ml
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ll

" #
: ð28Þ
From Eqs. (24b), (27), and (28), TðkÞ
1 can be expressed as
TðkÞ
1 ¼ AðkÞ WðkÞ
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" #
with AðkÞ ¼ P̂ðkÞ
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in which the component matrices P̂ðkÞ
s and P̂ðkÞ

l are calculated as
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s þHðkÞ
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The reduced substructural system matrices are calculated as
M
� ðkÞ
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1 ; ð31Þ
and considering the master DOFs and Lagrange multipliers, M
� ðkÞ

1 and K
�ðkÞ
1 are decomposed as
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Then, after obtaining Eq. (32) for all substructures, the reduced mass and stiffness matrices for the global FE model con-
sidered is simply assembled as follows
Table 1
Algorithm of the proposed method.

Algorithm. A dynamic condensation method with free interface substructuring

1: for k ¼ 1;2; :::Ns;

2: load the substructural system matrices (MðkÞ , KðkÞ, BðkÞ) in Eq. (18)
3: do the DOF decomposition by Eq. (19)
4: compute the transformation matrices TðkÞ

0 by Eqs. (23) and (24)
5: do the substructural static pre-condensation (M

� ðkÞ
0 , K

�ðkÞ
0 ) by Eq. (25)

6: compute HðkÞ to approximate the unknown kðkÞ by Eq. (26)
7: compute TðkÞ

a and TðkÞ
1 by Eqs. (23), (24) and (29)

8: do the substructural dynamic condensation (M
� ðkÞ

1 , K
�ðkÞ
1 ) by Eq. (31)

9: do the DOF decomposition for the reduced system matrices by Eq. (32)
10: end for
11: assemble all the substructural reduced matrices by Eq. (33)
12: solve the reduced eigenvalue problem in Eq. (34)
13: compute the approximated eigenvector by Eq. (35)

Clamped 1Ω

3Ω

2Ω

1Ω

3Ω

2Ω

)c()b()a

Non-matching mesh interface

Clamped

:section-Cross

0.45

0.5

0.15

0.01

29.0

Bended pipe problem: (a) FE model without substructuring, (b) Matching mesh on the interface, (c) Non-matching mesh between neighboring
ctures.
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ð33aÞ
with M
�
ll ¼

XNs

k¼1

M
� ðkÞ
ll; K

�
ll ¼

XNs

k¼1

K
�ðkÞ
ll; ð33bÞ
in which M
�
and K

�
are N1 � N1 matrices, and N1 is the number of DOFs in the reduced FE model: N1 ¼ Nl þPNs

k¼1N
ðkÞ
m and NðkÞ

m

is the number of master DOFs of the kth substructure.
Using the proposed method, the reduced eigenvalue problem is given by
K
�
ðu� Þi ¼ k

�
i M
�
ðu� Þi; i ¼ 1;2; � � � ;N1; ð34Þ
where k
�
i and ðu� Þi are the approximated ith eigenvalues and the corresponding eigenvectors.

The approximated global eigenvector ðu� gÞi can be calculated by
ð35Þ
in which T
�
is assembled using the transformation matrices TðkÞ

1 already calculated in Eq. (29).
We summarize the algorithm of the proposed method in Table 1. In the following sections, the performance of the pro-

posed method is investigated using various numerical examples.
r of master DOFs used and number of DOFs used in original and reduced models for the bended pipe problem.

s Methods N 1ð Þ
m N 2ð Þ

m N 3ð Þ
m

Nm Nb Ng N1

hing mesh Guyan – – – 2340 – 28200 2340
IRS – – – 2340 – 28200 2340
Proposed 560 775 605 1940 400 29000 2340

matching mesh Proposed 470 270 175 915 300 14300 1215

Fig. 4. Relative eigenvalue errors in the bended pipe problem with matching mesh, as shown in Fig. 3a and b.
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4. Numerical examples

In this section, we investigate the performance of the proposed method. Three structural problems are considered: a
bended pipe, a NACA 2415 airfoil structure, and a wind-turbine rotor.

All finite element models are constructed using the 4-node MITC (Mixed Interpolation of Tensorial Components) shell ele-
ments [36–41], and free or fixed boundary conditions are imposed differently according to the problem. All the computer
codes are implemented in MATLAB and computation was performed in a personal computer (Inter core (TM) i7-4770,
3.40 GHz CPU, 32 GB RAM).

The relative eigenvalue error is adopted to measure the accuracy of the reduced models
Table 3
Compu

Meth

IRS

Prop

F

ni ¼
ki � k

�
i

��� ���
ki

; ð36Þ
tational costs for the bended pipe problem in Fig. 4.

ods Items Computation times

[s] Ratio [%]

Load system matrices (Mg ,Kg ) 0.09 0.01
DOF decomposition (master & slave DOFs) 0.12 0.02
Static pre-condensation 576.98 80.69
Dynamic condensation 137.90 19.28
Total 715.09 100.00

osed Load system matrices (M ið Þ , K ið Þ ,B ið Þ) (Line 2 in Algorithm, see Table 1) 0.22 0.03

DOF decomposition (master & slave DOFs) (Line 3) 0.07 0.01
Substructural static pre-condensation (Line 4–5) 105.48 14.75
Substructural dynamic condensation (Line 6–9) 159.76 22.34
Assemble the all substructural reduced matrices (Line 11) 0.12 0.02
Total 265.65 37.15

ig. 5. MAC for the reduced model obtained using the proposed method in the bended pipe problem with matching mesh shown in Fig. 3b.
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in which ni is the ith relative eigenvalue error, ki is the ith exact eigenvalue calculated from the global eigenvalue problem in

Eq. (16); and k
�
i is the ith approximated eigenvalue calculated from the reduced eigenvalue problem.

The accuracy of approximated eigenvectors is measured by the modal assurance criterion (MAC) [42–43]
MACði; jÞ ¼ jðugÞTi ðu
�

gÞjj2

ððugÞTi ðugÞiÞððu
�

gÞ
T

j ðu
�
gÞjÞ

for i; j ¼ 1;2; � � � ;N1; ð37Þ
Fig. 6. Relative eigenvalue errors in the bended pipe problem with non-matching mesh shown in Fig. 3c.

Fig. 7. MAC for the reduced model obtained using the proposed method in the bended pipe problem with non-matching mesh in Fig. 3c.
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in which ðugÞ and ðu� gÞ are the original and approximated eigenvectors calculated by Eqs. (16) and (34), respectively. The
resulting MAC values are assembled to form the MAC matrix. The MAC values indicate the consistency between eigenvectors
using values from zero to unity. If the MAC value is near unity, the eigenvectors are considered consistent.
4.1. Bended pipe problem

A bended pipe structure with clamped boundary at one end is considered as shown in Fig. 3, in which the structural con-
figuration and its FE models are illustrated. Young’s modulus E is 69 GPa, Poisson’s ratio m is 0.35, and density q is
X Y

Z

 Y

Z

X

Y

H

W

L

Clamped

Frictionless hinges

Fig. 8. NACA 2415 airfoil structure problem.

Table 4
Number of master DOFs used and number of DOFs used in the original and reduced models for the NACA 2415 airfoil structure problem.

N 1ð Þ
m N 2ð Þ

m N 3ð Þ
m

Nm Nb Ng N1

1675 195 245 2115 198 21098 2313
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2700 kg=m3. The structure is an assemblage of three substructures (Ns ¼ 3). We consider the FE models with matching and
non-matching meshes between neighboring substructures. The detailed numbers of DOFs used in original and reduced mod-
els are listed in Table 2. Note that the rigid body modes are not considered in measuring the accuracy.

For the matching mesh model, the structure is modeled using 5640 shell elements. In this problem, we investigate the
accuracy and computational efficiency of the proposed method compared to the Guyan reduction and IRS methods. The
Guyan reduction and IRS methods are used for the FE model without substructuring in Fig. 3a and the reduced model of size
N1 ¼ 2340 (Nm ¼ 2340) is obtained. The proposed method is employed for the FE model with substructuring in Fig. 3b,
Fig. 9. Relative eigenvalue errors in the NACA 2415 airfoil structure problem.

Fig. 10. MAC for the reduced model obtained using the proposed method in the NACA 2415 airfoil structure problem.
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resulting in the reduced model of size N1 ¼ 2340 (Nm ¼ 1940). The reduced models have the same size for all three methods
adopted.

Fig. 4 presents the relative eigenvalue errors corresponding to the 1st–17th modes obtained by the Guyan, IRS, and pro-
posed methods. Table 3 presents the detailed computational cost. For reduced models of the same size, the computational
Hub( 1Ω )

Blade-1( 2Ω )

Blade-2( 3Ω )

Blade-3( 4Ω )

(a)

(b) (c)

Assemblage interface

Fig. 11. Wind-turbine rotor problem.
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cost of the proposed method is only 37.15% that of the IRS method and produces greater accuracy than the Guyan and IRS
methods do. Fig. 5 presents the MAC for the reduced model obtained using the proposed method. The approximated eigen-
vectors calculated by the proposed method are highly consistent with the eigenvectors of the original model.

Let us consider the non-matching mesh case shown in Fig. 3c. The substructures are modeled using 1800 (X1), 460 (X2),
and 500 (X3) shell elements, respectively. Non-matching mesh is located at the interface between substructures, X1 and X2.
The proposed method is used with a reduced model of size N1 ¼ 1215 (Nm ¼ 915). Note that the Guyan reduction and IRS
methods cannot be used for cases in which the meshes are non-matching.

Fig. 6 presents the relative eigenvalue errors obtained by the proposed method. The results show the accuracy of the pro-
posed method for this case of non-matching meshes. Fig. 7 presents the MAC for the reduced model. The approximated
eigenvectors also maintain good consistency when compared to the eigenvectors of the original model. This example shows
the modeling ability of the proposed method.
4.2. NACA 2415 airfoil structure problem

A NACA 2415 airfoil structure clamped at one end is considered. The structural FE model is illustrated in Fig. 8. Two ailer-
ons are connected to the first substructure by a frictionless hinge. Because there are two ailerons (X2 and X3), two rigid body
Table 5
Number of master DOFs used and number of DOFs used in the original and reduced models for the wind-turbine rotor problem.

Nð1Þ
m Nð2Þ

m Nð3Þ
m Nð4Þ

m
Nm Nb Ng N1

505 498 498 498 1999 288 94906 2287

Fig. 12. Relative eigenvalue errors in the wind-turbine rotor problem.

Table 6
Computational costs for the wind-turbine rotor problem in Fig. 12.

Items Computation times

[s] Ratio [%]

Load system matrices (M ið Þ , K ið Þ ,B ið Þ) 0.55 0.06

DOF decomposition (master & slave DOFs) 0.13 0.02
Substructural static pre-condensation 282.94 33.58
Substructural dynamic condensation 558.85 66.33
Assemble all the substructural reduced matrices 0.10 0.01
Total 842.57 100.00



Fig. 13. MAC for the reduced model obtained using the proposed method in the wind-turbine rotor problem.
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modes are calculated in the eigenvalue analysis of both global and reduced eigenvalue problems. The frictionless hinges
between ailerons and airfoil are modeled using Lagrange multipliers.

Length L is 0.9144 m, width W is 0.2286 m, and thickness H is 0.0345 m. Young’s modulus E is 71 GPa, Poisson’s ratio m is

0.33, and density q is 3000 kg=m3. The structure is an assemblage of three substructural FE models (Ns ¼ 3). Each substruc-
ture is modeled using 3873 (X1), 112 (X2), and 144 (X3) shell elements, respectively (19250, 725, and 925 DOFs).

Table 4 lists the number of master DOFs used and the number of DOFs used in the original and reduced models. The
reduced model has a size of only 11% of the original model. Fig. 9 presents the relative eigenvalue errors obtained using
the proposed method. Fig. 10 presents the MAC for the reduced model constructed using the proposed method. In this prob-
lem, the MAC of two rigid body modes are also considered. The results show the robustness of eigenpairs approximated by
the proposed method, as in the previous examples.
4.3. Wind-turbine rotor problem

We consider a 600 kWwind-turbine rotor structure as shown in Fig. 11. The rotor diameter is 39.76 m, Young’s modulus E

is 58 GPa, Poisson’s ratio m is 0.43, and density q is 1700 kg=m3. The FE model and its mass and stiffness matrices were
obtained using the commercial FE analysis software, ADINA [36–41].

The structure is an assemblage of four substructures (Ns ¼ 4): a rotor hub and three turbine blades. The FE model of the
rotor hub has 508 shell elements and 560 nodes, all the nodes are modeled by 5 DOFs. The FE model of each turbine blade has
5082 shell elements and 5101 nodes. Due to its shell-shell intersection on the blade edge, all nodes of the turbine blades are
modeled by 6 DOFs. Table 5 lists the number of master DOFs used and the number of DOFs used in the original and reduced
models.

In order to link the translational DOFs of the rotor hub and turbine blade FE models, Lagrange multipliers are adopted
along their interfaces. In Guyan and IRS methods, such complicated assembly interfaces are hard to consider. For structures
with repetitive patterns as in this numerical example, the proposed method is very efficient because it does not need to
model all repeating substructures [24].

Fig. 12 presents the relative eigenvalue errors obtained by the proposed method, and Table 6 shows the detailed compu-
tational costs. Fig. 13 presents the MAC for the reduced model. Note that rigid body modes are not considered in this prob-
lem. The pairs of eigenvectors from the original and reduced models in each mode are shown with acceptable consistency.
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5. Conclusions

In this study, we proposed a useful dynamic condensation method with free interface substructuring. Independently
defined substructural FE models were individually reduced using the IRS method and the reduced substructural mass and
stiffness matrices were assembled adopting Lagrange multipliers. As a result, we obtained two important advantages, the
independence of substructural models and the ability to model complicated substructural interfaces. That is, the proposed
method could handle relatively larger and more complex FE models than possible with the Guyan reduction and IRS meth-
ods. The detailed formulation was presented and the advantages were demonstrated through numerical examples.

In future work, it would be valuable to develop an optimized parallel computation algorithm using multi-processes for
the proposed method to deal with FE models with a large number of substructures and DOFs. The method could then be used
as an attractive solution for constructing accurate reduced models for experimental-FE model correlation, FE model updat-
ing, and optimizations.
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