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Abstract: The increasing demand for dynamic analysis of large-scale structural systems
has highlighted the need for efficient model reduction methods. Reduced order modeling
allows large finite element models to be represented with significantly fewer degrees of
freedom while retaining essential dynamic characteristics. This paper investigates the En-
hanced Craig-Bampton (ECB) method and further explores its application in dynamic
analysis. The effectiveness of the ECB method is evaluated by comparing it with the con-
ventional Craig-Bampton (CB) method and the full finite element model using benchmark
examples. The numerical results demonstrate that the ECB method provides superior ac-
curacy and computational efficiency, making it a valuable tool for dynamic analysis in
complex engineering problems.

Keywords: reduced order model; finite element method; direct time-response analysis; enhanced

Craig-Bampton method
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1. Introduction

The dynamic response analysis using the finite element method (FEM) is widely em-
ployed across various industries such as shipbuilding, offshore engineering, mechanical
engineering, and civil engineering to evaluate the structural integrity and performance of
products [1,2]. However, as structures become larger and more complex, FEM models
begin to contain an increasingly vast number of degrees of freedom (DOFs), significantly
increasing the computational resources and time required for dynamic analyses such as
eigenvalue analysis and direct time-response analysis. In particular, direct time-response
analysis has the advantage of providing results for all DOFs by handling the entire system
matrix, but it is often infeasible due to the lack of computational resources or requires an
extensive amount of time to complete.

In practical engineering design, it is often more efficient to focus on evaluating the
displacement and stress history of specific regions of interest rather than obtaining results
for all DOFs. This is because, in most cases, structural analyses are performed iteratively
until the design is finalized. Therefore, when local analysis is required for a specific area,
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it is advantageous to construct a reduced order model for the region using static model
reduction techniques, rather than repeatedly analyzing the entire finite element model.
Furthermore, as highlighted by Kaplan, users often do not need to compute responses for
every DOF in large finite element models [3]. Instead, the focus is typically on a subset of
DOFs at key locations, such as accelerometer positions on a test structure. By concentrat-
ing on these critical regions, computational resources can be optimized, significantly re-
ducing the time and cost associated with such analyses [4].

In recent years, significant progress has been made in developing numerical methods
to improve the efficiency of dynamic response analysis. Traditional modal reduction tech-
niques, such as modal truncation, require global eigenvalue analysis, which can be com-
putationally expensive for large-scale models. To address this, the Component Mode Syn-
thesis (CMS) method has emerged as an efficient alternative. CMS reduces computational
demands by dividing structures into substructures and combining their static and dy-
namic characteristics to create reduced order models [5-12]. This approach is particularly
advantageous for transient analysis of large and complex systems.

Among the various CMS methods, the Craig-Bampton (CB) method is particularly
well known for its efficiency and accuracy [6,9]. However, as finite element models be-
come larger and more complex, the accuracy of the reduced order models generated by
the CB method can diminish, especially for systems with a large number of DOFs. To
address this limitation, recent research has focused on enhancing the CB method. The En-
hanced Craig-Bampton (ECB) method was developed to improve the accuracy of the re-
duced order models by incorporating additional substructural modes that account for ne-
glected residual flexibility [13]. This approach significantly improves the solution accu-
racy for smaller finite element models. However, the original ECB method still faces chal-
lenges when applied to large-scale models, as it requires substantial computational re-
sources for the calculation of constraint modes and involves high memory demands due
to the dense nature of the residual flexibility matrix [14].

To address these challenges more effectively, further refinements to the ECB method
have been implemented [14]. These refinements include the adoption of algebraic sub-
structuring as an alternative to traditional physical domain-based substructuring [14-21],
addressing the sources of computational inefficiency in the original ECB method. Further-
more, to mitigate the increase in interface boundary size caused by algebraic substructur-
ing, an interface boundary reduction technique [22] has been applied. While these ad-
vancements have been effective, most studies on the fixed-interface CMS method have
primarily focused on eigenvalue problems to evaluate dynamic characteristics
[6,11,13,14].

The aim of this study is to apply the ECB method [14] to the direct time-response
analysis of finite element models. By constructing reduced order models using the ECB
technique, this research seeks to develop a more efficient methodology for conducting
dynamic analyses. The primary focus is on achieving accurate displacement history re-
sults for regions of interest within whole models, while significantly reducing the compu-
tational resources and time required for the analysis. Through numerical examples, the
performance of the ECB method is compared with the CB method, demonstrating the ben-
efits of the enhanced approach in terms of both accuracy and efficiency.

This paper is organized as follows: In Section 2, we provide an overview of model
reduction techniques, with a focus on the CB and ECB methods. Section 3 presents the
methodology for performing direct time-response analysis using reduced order models
constructed through these methods. Section 4 demonstrates numerical examples that com-
pare the performance of the full finite element model, the CB method, and the ECB method
in terms of computational efficiency and accuracy. Finally, in Section 5, we conclude with
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a discussion of the key findings, highlighting the advantages of the ECB method for dy-
namic analysis and suggesting future directions for further optimization.

2. CB and ECB Methods

In this section, a brief overview of the formulations of the CB method and the ECB
methods is provided. Detailed derivations are available in [14].

2.1. CB Method

In the Craig-Bampton (CB) method, the entire structure is divided into » substruc-
tures that are interconnected at fixed interface boundary I' (Figure 1a). The linear dy-
namic equations are given by

M&’iig +K¥u&’ :f&’ (1a)
. M M K. K u f
with M_=| "¢ o, K, =| ¢ “f,u,=| |, f,= ],
¢ [M(T MJ ¢ L{LT K/J ¢ LJ 3 Lb} )
M(,l) 0 K(,l) 0
M, = , K, = , (1c)
0 M 0 K"

where K, and M, represent the global stiffness and mass matrices, respectively, u,
and f, are the global displacement and force vectors, respectively, and (") =d 2()/dr

with the time variable ¢. The subscript s, b, and ¢ indicate substructure, interface
boundary, and coupled terms, respectively. It should be noted that K, and M, are
block-diagonal stiffness and mass matrices, respectively. These matrices are composed of
substructural stiffness and mass matrices, K" and M\" (for i=1,---,n).

Substructures in the CMS framework can be divided using physical domain-based
substructuring, which relies on geometric or topological considerations. Alternatively, al-
gebraic substructuring, as applied in the ECB method discussed in the next section, can
also be employed. Algebraic substructuring typically utilizes graph-partitioning algo-
rithms, such as METIS [17], which by default aim to evenly distribute nodes across sub-
structures to balance computational loads.
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Figure 1. Substructuring the global structure: (a) Global structure with substructures €, (for

i=1,2,3, 4)and interface boundary I ; (b) substructures with fixed interface boundary; (c) alge-

braic representation in the global matrix.
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From Equation (1), the generalized eigenvalue problem for the global structure is ob-
tained as

K, (8), =AM, (), with i=1,2,...N_, )

in which (¢,), and 4, are the eigenvector and eigenvalue calculated in the global struc-
ture, respectively, and N, is the number of DOFs in the global FE model.
Using the eigenvector calculated in Equation (2), the global displacement vector u,

can be expressed by

u, =0.q, (3a)

with @, =[@), @), ~ @] al=[o ¢ - q] for i=L2.-N,,  (3b)
in which ®, represents the global eigenvector matrix, which includes the eigenvectors
(¢,);, while q, is the generalized coordinate vector comprising the generalized coordi-
nate q, associated with (g,),.

Then, the transformation matrix T, is constructed as

To{q;s ‘f} with @ =[@! @], ¥ =-K'K, )

b
where @ represents the substructural eigenvector matrix, encompassing all substruc-
tures. @, consists of the dominant modes matrix ®? and the residual modes matrix
@’ . ¥, denotes the constraint mode matrix and I, represents the identity matrix for
the interface boundary.

In Equation (4), ®, is a block-diagonal eigenvector matrix, with each block corre-
sponding to the substructural eigenvector matrix ®” for i=1,2,..,n. ®" is calcu-

lated by solving the following substructural eigenvalue problems

K0 =M"®"A" (5a)
; ; ; , [AY 0
: @) _ (@) (@) i) _ d P —
with @ —[cl)d D! }, Al _{ 0 A® for i=1,2,..,n, (5b)

th

where A" isthe substructural eigenvalue matrix for the i" substructure,and ® and

A" are each composed of a dominant term (®, AY)and a residual term (®%, AY).
The constraint mode matrix ¥, in Equation (4) is calculated as follows:
yo
Y. =| i | with Y@ =—(K")'KY for i=1,2,...,n, (6)
p

th

in which ¥{” represents the constraint mode matrix for the i" substructure.

The global displacement vector u, is converted using the transformation matrix T,

in Equation (4), as follows:

d

qT
u . o @ ¥
u, = =Tu with T, =| * ‘1, u=|qy |, (7)
u, 0 o0 1,
u,
where u represents the generalized coordinate vector, and its components q? and ¢’
are the modal coordinate vectors corresponding to ®? and @', respectively.

In Equation (7), the approximated global displacement vector w, is obtained by re-

taining only the dominant terms ®¢ and q?, as follows:
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S s = @0 Y g
u, ~ 1, =Tl With T, :|: 0. I :|’ Ucg :|: A i|’ ®)
b

in which T, represents the reduced transformation matrix in the CB method, and ug,
is the corresponding generalized coordinate vector. In this notation, (7) indicates the ap-

proximated quantities.
Using T, in Equation (8), the reduced equations of motion for the partitioned struc-

ture are expressed as

MCBi_iCB + I_((TBI_ICB = fCB (9a)
with
< ST I (®)'M,
MCB = CBMgTCB = T ~ (9b)
Mc ((Ds ) Mb
= Al 0| _ [f
K¢ :TCBKgTCB = 0 Kb s fop =Teg fb ’ (90
where
I=(@)"M (@), M,=M_+M.¥,, M, =M, +M'¥_+¥'M_, (9d)
AL = (@)K (@), K, =K, +K[¥_, (%)

in which M_, and K represent the reduced matrices with sizes of N, xNg, (
N, =N?+N,, where N’ and N, are the numbers of dominant substructural modes
and interface boundary DOFs, respectively), and @, and f., are the approximated dis-
placement and force vectors, respectively.

From Equation (9), the reduced eigenvalue problem is formulated as

K CB(JCB ) = ECB,I'M cB (JCB)I' for i=12,.., Negs (10)

in which 7., and (g.,), are the eigenvalue and eigenvector calculated in the reduced

order model, respectively.
With the eigenvectors obtained from Equation (10), the approximated displacement
vector U, in Equation (8) is represented by

Uy :(T)CBXCB with (T)CB = |:(¢_CB)1 (J(‘B)]VCBJ’ (1)

where ®_, is the eigenvector matrix in the reduced model and %, is the corresponding

generalized coordinate vector.

2.2. ECB Method

In the CB method, only the dominant normal modes of the substructures are retained,
which can result in a loss of accuracy. The recently developed ECB method enhances effi-
ciency by utilizing algebraic partitioning, allowing for the creation of a larger number of
substructures [15,17,18,23-25]; see Figure 1c. Furthermore, this method significantly im-
proves accuracy by considering the effects of residual normal modes through the use of
residual flexibility matrices for each substructure.

Additionally, in the CB method, the number of interface boundary DOFs increases
as the number of substructures grows. The ECB method addresses this by performing
interface boundary DOF reduction, ensuring computational efficiency is maintained.

The eigenvalue problem for the interface boundary with the mass and stiffness ma-
trices for the interface boundary, M, and K,, in Equation (9) is given as follows:
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R . . ; Ay 0
K,®, =M,®,A, with @, =[‘DZ (I)h:|’ A, :|: Oh A,i|’ (12)
b

where @] and ®; are the eigenvector and eigenvalue matrices for the interface bound-
ary, and those are divided into dominant terms (®{ and A{) and residual terms (®,
and Aj).

Using eigenvector and eigenvalue matrices in Equation (12), the interface displace-
ment vector u, in Equation (7) can be represented as follows:

d
R
u, =®,q, =[® mb]{ ”} (13)
q,

in which q, is the modal coordinate vector associated with ®,, and it is decomposed
into dominant and residual terms, q/ and q; .

Using Equation (13), the global displacement vector u, in Equation (7) is rewritten

as
u, =Tu=T,(T,q)=Tq (14a)
d
I 0 0 0 4 , i
with T,=[0 1 0 o0 q=|"| r-r-|® ® ¥ ¥P g
, q, 0 0 o o
0 o @ "

where T, is the interface transformation matrix, T is the transformation matrix com-
posed of the eigenmodes of the substructure and interface boundary, and q is the modal
coordinate vector associated with the transformation matrix T.

After reordering the columns of the T matrix based on the dominant and residual
terms, the global displacement vector u, is reformulated as follows:

q
u, :Tq:[Td T J{qd} (15a)
. o' VY. O! o Yo ; .
with Td_|: s cdb:|, Tr_|: s crb:|, qd_|:q;:|/ qr_|:qj:|/ (15b)
0 (I)b 0 (I)b qb qb

where T, and T are the dominant and residual parts of the transformation matrix T,
and q, and q, are the modal coordinate vectors associated with T, and T, respec-
tively.

Focusing only the dominant part T, in Equation (15b), the global displacement vec-

tor u, could be approximated as follows:
u, zﬁg = ~dqd with Td =T, q,=4,- (16)

In this notation, (™) indicates the approximated quantities.

With the approximation in Equation (16), the reduced eigenvalue problem can be
expressed as

Kéid = /{M(Id (173)
with
e I M| o o o A0
M=T/M,T, = Mo | K=T/K,T, = 0o Al (17b)

I = (@)"M,(®¢), M, =(®)"M_(®%), A! =(@/)'K, (@), (17¢)
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inwhich M and K are the reduced mass and stiffness matrices accounting for the sub-
structure and the interface reduction [25], and [ is the approximated eigenvalue.

In the ECB method, the residual substructural mode is compensated in the transfor-
mation matrix T, containing dominant modes of substructures and interface boundary.

The transformation matrix of the ECB method is enhanced to

TECB = Td +T,R (18a)
SN d - -
with T, :{0 K M‘q)”}, R=M'K, (18b)
0 0

where T, is the dominant part of the transformation matrix T in Equation (14), M
and K are the reduced mass and stiffness matrices in the CB method accounting for the
interface reduction [24] in Equation (17b), and M, is the submatrix of the CB method in

Equation (9d). F is the static residual flexibility matrix for substructures, defined by

F" 0
F' = with F” =(K")"' —(@)AD) ! (@))"
0 F” (19)

for i=1,2,...,n.

The residual substructural eigenvector matrix @ in Equation (7) is reflected into

the transformation matrix of the ECB method T, through the static residual flexibility

ECB
matrix F” in Equation (19).
The global displacement vector u, is approximated by using the transformation

matrix T

s described in Equation (18) as follows:

u, ~u, = Tecoliscs (20)
where q, is the dominant modal coordinate vector approximated by applying the ECB
method.

Substituting Equation (20) into the linear dynamic equation in Equation (1), the re-
duced equations of motion is given by

M colecn + Keenlecn = feca s (21a)
with
M, = TieoM, Teey =M+Y, Ky = TipK, Ty =K, (21b)
Y=T/M,T,R, f =T ﬁ } (21c)
5

in which M™M,, and K,, are reduced matrices of size NpXNpy with

NECB =N+ N: ,and N, " denotes the number of dominant interface boundary modes se-
lected.
Based on Equation (21a), the reduced eigenvalue problem is given by

K ECB (&ECB)i = /:{ECBJM ECB(&ECB);‘ for i=1,2, ..., Ny, (22)

where Z.,, and (d.), are the eigenvalue and eigenvector calculated in the reduced

model, respectively.
Using the eigenvectors obtained from Equation (22), the approximated dominant
modal coordinate vector g, corresponding to the transformation matrix of the ECB

method T,

ECB

in Equation (18a) is given by
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Ggcp = (i)ECBi'ECB with (i)ECB = [(&ECB)I (&ECB)NFCB}’ (23)

in which @, is the eigenvector matrix calculated based on the reduced eigenvalue

problem in Equation (22) and &,., is the corresponding generalized coordinate vector.

ECB
The automatic matrix partitioning strategy, algorithms, and detailed mathematical

formulations used in this method can be found in [14].

3. Direct Time-Response Analysis Using the Reduced Order Model

In this section, we present a strategy for performing time history response analysis
by applying the ECB method to create a reduced order model. This approach focuses on
improving computational efficiency by applying the transformation matrix selectively to
regions of interest rather than to the entire domain, aligning with scenarios where re-
sponses are required only for specific local areas.

3.1. Time Integration Using the Newmark Method

To obtain the time history response of the reduced linear dynamic equations in Equa-
tion (21), we employ the average acceleration Newmark time integration method, a widely
used time integration technique for dynamic analysis. The equations for time integrations
are given as follows:

(iECB (t+Ar) = (iECB (+0.5 {éiECB (H+ (LiECB (t+ At)} At, (24a)

Qpep (1 +AD) = Qe (D) + (iECB (HA1+0.25 {aECB )+ dECB (t+ At)} AL, (24b)

where Ar denotes the time step. Through these equations, the displacement, velocity,
and acceleration vectors of the reduced order model are calculated over time.

3.2. Back-transformation Process to Compute the Global Displacement

After the time integration of the reduced order model, the full response of the original
finite element model can be reconstructed through a back-transformation calculation. This
process involves transforming the reduced order model responses back to the full set of
degrees of freedom:

(25)

u =T ﬁ:T ﬁ:T

" eceUeces U, ecBUecss U, eceQecs

in which T,

(18a). Although this full back-transformation process in Equation (25) allows for the re-

covery of the full model response, the transformation matrix T, is generally dense,

is the transformation matrix derived from the ECB method in Equation

making this process computationally intensive.
To further improve efficiency, especially when responses are needed only for specific
local regions, a partial back-transformation process can be applied. This approach in-

volves a reduced transformation matrix T,

which is constructed to target only the de-
grees of freedom within regions of interest (see Figure 2). The response for these selected
areas is then computed as follows:

(26)

~p _ P ~ ip _ P A sp 4P =
u, = Tecpleces / u, =TycpQecs - u, = Tecplecs

where @, ﬁg, and i”ig denote the global displacement, velocity, and acceleration vec-

tors for the chosen regions. While the full back-transformation process in Equation (25)
allows for the recovery of the complete model response, it is computationally intensive
due to the dense nature of the transformation matrix. In contrast, the partial back-
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() TCB

for full back-transformation

transformation process, as expressed in Equation (26), offers significant computational ad-
vantages by focusing only on specific regions of interest. This approach reduces the scope
of matrix operations, minimizes memory usage, and decreases computation time, making
it particularly efficient for localized response evaluations.

(b) TECB (c) T;CB
for full back-transformation for partial back-transformation
| | | I
) b, N/
N, N, N! Ny
N, ECB
M M
v Nb || v Nb
« — > N, + N, : DOFs for full model
Ny Ny
« — > N’ + N/ : DOFs for local region
N ECB

Figure 2. The transformation matrices of (a) the CB method for full back-transformation process, (b)
the ECB method for full back-transformation process, and (c) the reduced transformation matrix of
the ECB method for partial back-transformation process. Here, N, N,, N SP ,and N, f represent
the substructure DOFs, the interface boundary DOFs, the number of selected DOFs in substructures,

and the number of selected DOFs in the interface boundary, respectively.

The code utilized in this study is an academic MATLAB code specifically developed
by the authors for the analyses conducted in this research. To provide clarity on the com-
putational process, a detailed workflow has been presented in Table 1.

Table 1. Computational procedure of the direct time-response analysis with CB and ECB methods.

Computational Procedure Related Equations and Figures

Generate FE global matrices and vectors ~ Equation (1a)
Substructuring Equation (1b,c), Figure 1
Construct reduced equations of motion

- CB method Equation (9)

- ECB method Equation (21)
Time integration Equation (24)
Partial back-transformation Equation (26)

4. Numerical Examples

This section evaluates the performance of the ECB method in direct time-response
analysis through numerical examples. The results obtained using the ECB method are
compared with those from the full finite element model and the CB method. The CB
method, as one of the most fundamental and widely used techniques associated with the
fixed-interface CMS method, was chosen as a comparative baseline due to its widespread
adoption in both academic research and commercial applications. This comparison
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highlights the computational efficiency and accuracy improvements achieved by the ECB
method while ensuring reliable results are achieved for practical engineering applications.

The ECB method used in this study is a fixed-interface CMS technique that has un-
dergone multiple advancements over the years. While the original CB method serves as
the foundational approach, the ECB method has been continuously refined to address its
limitations. As the model size increases, achieving accurate results with reduced models
requires significantly more substructuring. In this context, the ECB method demonstrates
its effectiveness over the CB method by achieving higher accuracy and computational ef-
ficiency. Previous studies, as referenced in [14], provide detailed comparisons between
earlier versions of the ECB method and the latest advancements applied in this paper,
particularly in terms of accuracy and efficiency for eigenvalue analysis. In this study, the
primary focus is to evaluate the performance of the novel ECB method in terms of accu-
racy and efficiency for direct time-response analysis using reduced order models.

Three benchmark examples, including a cantilever plate, an insulation panel, and a
robot arm, are used to assess the ECB method. The accuracy of the reduced models is
validated by examining the relative eigenvalue errors and the displacement time history.
We also compare the computation times of the full model, CB, and ECB methods to eval-
uate their efficiency. Simulations are conducted in MATLAB 2021b on a system with an
Intel i9-11900KF 3.50 GHz CPU and 64 GB of RAM. The Newmark method is employed
for the analysis, with the parameters setto =025 and y=0.5.

The reduced order models are constructed by varying the number of substructures,
the number of dominant substructural modes, and the interface boundary DOFs. Particu-
lar attention is given to the selection of dominant substructural modes for each substruc-
ture. Using METIS 5.1.0 for algebraic substructuring, the number of nodes counts across
substructures are made approximately uniform, leading to a consistent number of domi-
nant substructural modes being retained for all substructures. While reducing the number
of dominant substructural modes decreases the size of the reduced order model, it can
negatively affect the accuracy of global mode representation. A convergence study in-
cluded in the cantilever plate example highlights the trade-offs between model size and
accuracy, emphasizing the importance of selecting an appropriate number of dominant
substructural modes when constructing reduced order models using the CB and ECB
methods.

4.1. Cantilever Plate

The first example is a cantilever plate subjected to a harmonic loading, as illustrated
in Figure 3a. The plate dimensions are a length of 10 m, width of 1 m, and thickness of 0.1
m. The material properties are defined by an elastic modulus of 2.1x10" N/m’, a Pois-
son’s ratio of 0.3, and a density of 7850 kg/rn3 . One end of the cantilever plate is fixed,
while a harmonic load with a total magnitude of 50 N and an angular frequency of 50

rad/s is uniformly distributed along the free end in the z-direction. The finite element
model consists of a 100 x 20 mesh of the four-node MITC4 shell elements with 10,500
free DOFs, as illustrated in Figure 3b [26-28].
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(a) -
50sin(50/) N
. ( )/ﬂ —0.1m
y 7
- 2
| |
10 m

Figure 3. Cantilever plate problem: (a) problem description; (b) a 100 x 20 mesh of 4-node shell
elements with 10,500 free DOFs.

Before conducting a dynamic analysis, we investigate the convergence behavior of
the CB and ECB methods by varying the configuration of the reduced order model. For
the CB method, the number of substructures is fixed at four, and the number of dominant
substructural normal modes is set to 2, 15, and 60, resulting in free DOFs of 323, 375, and
555. Similarly, for the ECB method, the number of substructures is fixed at 16, with 5, 11,
and 22 dominant modes, corresponding to free DOFs of 279, 375, and 551, respectively.
The interface boundary DOFs are 315 for the CB method and 199 for the ECB method.
Figure 4 presents the convergence curves of relative eigenvalue errors for the 6th and 13th
modes, illustrating improved accuracy with an increasing number of dominant substruc-
tural modes. These results underscore the trade-offs between model size reduction and
accuracy, highlighting the importance of selecting proper parameters in the CB and ECB

methods.
10° . . ;
g
—&—Mode 6 - CB
—6&—Mode 6 - ECB

_ 1ot --8--Mode 13-CB |
2 ---0---Mode 13 - ECB

()

g

- 107 ¢ =|
>

=

(5]

R

o 1076 L ]
2

b o..

&

1078 L y
— i
e e -
10—1()

250 300 350 400 450 500 550 600
Free DOFs of reduced order model
Figure 4. Relative eigenvalue errors for the 6th and 13th modes of the CB and ECB reduced order

models with respect to the number of dominant substructural normal modes.

Next, the direct response analysis is conducted over a total time of 5 s with a time
step of 0.001 s. After time integration of the reduced model, the full response is recon-
structed through back-transformation. In this example, the region of interest for partial
back-transformation is defined as the DOFs at the load application region.

Table 2 provides detailed information on the CB and ECB reduced order models. In
this direct response analysis, both the CB and ECB models are configured to have the same
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reduced DOFs of 375, accounting for approximately 3.57% of the 10,500 free DOFs of the
full model.

Table 2. Specifications of the CB and ECB reduced order models for the cantilever plate problem.
The full model has a total of 10,500 free DOFs.

CB ECB
Number of substructures 4 16
Number of dominant substructural normal modes 60 (=4 x 15) 176 (=16 x 11)
Interface boundary DOFs 315 -
Reduced interface boundary DOFs - 199
Total reduced DOFs 375 375

Figure 5 shows the relative eigenvalue errors for modes 1 to 20 for the CB and ECB
reduced order models, with the full model results used as the reference. The ECB reduced
model provides more accurate results than the CB reduced order model. Figure 6 presents
the time history of z -direction displacement at the red-marked point. Despite the signif-
icantly reduced DOFs, both reduced models provide displacement results that are nearly
identical to those of the full model. Table 3 presents the solution times for direct time-
response analysis. This example confirms that the reduction methods, CB and ECB, work
effectively in direct time-response analysis. In the following example, a larger-scale prob-
lem is considered to allow for a more detailed comparison between CB and ECB methods.
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Figure 5. Relative eigenvalue errors of modes 1 to 20 for the cantilever plate problem.
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Figure 6. Displacement time history at the red-marked point for the cantilever plate problem.
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Table 3. Solution times of direct time-response analyses for the cantilever plate problem (in sec-

onds).

Full Model CB ECB
Reduction - 0.74 1.28
Newmark 741 0.65 0.77
Partial back-transformation - 0.52 0.51
Total 741 1.92 2.57

4.2. Insulation Panel

The second example is an insulation panel subjected to an impact loading, as shown
in Figure 7a. This setup represents the evaluation of the structural strength of the cargo
containment system in LNG carriers under impact loading caused by sloshing. As shown
in Figure 7b, the insulation panel is modeled using two materials: plywood and reinforced
polyurethane foam (R-PUF). The elastic modulus, density, and Poisson’s ratio of plywood
are 8900 MPa, 710 kg/m’, and 0.17, respectively, while those of R-PUF are 84 MPa,

120 kg/m®, and 0.18, respectively. The bottom surface (z=0 mm ) is fixed, while uni-
formly distributed impact loading is applied to the top surface ( z =300 mm ), with its total
magnitude (unit: N) defined as follows:

L o<i<r

rise

Trise . —4
f@= with T, =29x10"s, (27)

rise

@) Primary _ Mark III
stainless steel Top bridge pad

membrane

Metallic insert
Corner
panel N\ R\ ==

Hardwood
key

Composite

secondary membrane Insulation panel
(Triplex)

Resin ropes
(b)
300 g

Plywood (15 mm)

R-PUF (270 mm)

X Plywood (15 mm)

Figure 7. Insulation panel problem: (a) Typical configuration of an insulation panel (Mark III) [29];
(b) problem description with a 60 x 20 x 20 mesh of 8-node hexahedral 3D solid elements with
76,860 free DOFs.

The finite element model consists of a 60 x 20 x 20 mesh of the standard 8-node
hexahedral 3D solid elements with 76,860 free DOFs, as illustrated in Figure 7b. The sim-
ulation is conducted over a total time of 0.029 s with a time step of 1.45 x 105 s. The
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region of interest for partial back-transformation is defined as the DOFs at the load appli-
cation region.

Table 4 provides detailed information on the CB and ECB reduced order models.
Both models are configured with the same number of substructures, set to 128. As reduc-
tion methods generally require increased substructuring with larger model sizes or more
DOFs, this example uses more substructuring than the first example. Table 4 shows that,
with the same number of substructures, the ECB model achieves significantly greater DOF
reduction than the CB model.

Table 4. Specifications of the CB and ECB reduced order models for the insulation panel problem.
The full model has a total of 76,860 free DOFs.

CB ECB
Number of substructures 128 128
Number of dominant substructural normal modes 640 (=128 x 5) 640 (=128 x b5)
Interface boundary DOFs 27,288 -
Reduced interface boundary DOFs - 150
Total reduced DOFs 27,928 790

Figure 8 presents the relative eigenvalue errors for modes 1 to 50 for the CB and ECB
reduced order models, with the full model results used as the reference. The ECB reduced
order model achieves higher accuracy than the CB-reduced order model. Figure 9 illus-
trates the time history of z -direction displacement at the center point on the top surface.
Table 5 presents the solution times for direct time-response analysis. Considering both
solution accuracy and computation time, the ECB method is demonstrated to be remark-
ably powerful.
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Figure 8. Relative eigenvalue errors of modes 1 to 50 for the insulation panel problem.
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Figure 9. Displacement time history at the center point on the top surface for the insulation panel

problem.

Table 5. Solution times of direct time-response analyses for the insulation panel problem (in sec-

onds).

Full Model CB ECB
Reduction - 18.24 77.32
Newmark 226.11 189.59 0.68
Partial back-transformation - 2.26 9.04
Total 226.11 210.09 87.03

4.3. Robot Arm

The last example considers a robot arm subjected to a harmonic loading, as shown in
Figure 10a. The various parts comprising the robot are assumed to be rigidly connected,
with their material properties unified as an elastic modulus of 2x10"" N/m’, a Poisson’s
ratio of 1/3, and a density of 7850 kg/m’ . A fixed support is applied to the face marked in

red, as shown in Figure 10a, while a harmonic loading is uniformly distributed on the
other red-marked face, with its total magnitude (unit: N) defined as follows:

£(#)=30x[ sin(10,000¢) +sin (20,000¢) +sin (30,000¢) | . (28)

The high-frequency harmonic loading discussed above approximates the conditions
experienced by robot arms used in precision machining [30,31].

(®)

Figure 10. Robot arm problem: (a) problem description; (b) a mesh of 4-node tetrahedral 3D solid
elements with 101,514 free DOFs.
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Figure 10b illustrates a finite element mesh generated using four-node tetrahedral 3D
solid elements comprising 101,514 free DOFs. The simulation for this case is conducted
over a total time of 1.4 x 103 s with a time step of 1.4 x 107 s. The region of interest for
partial back-transformation is defined as the DOFs in the load application region.

In this example, as summarized in Table 6, two ECB reduced order models are con-
figured with varying reduced interface boundary DOFs, and their results are compared.
Figure 11 presents the relative eigenvalue errors for modes 1 to 50 for the two ECB reduced
order models, with the full model results used as the reference. Figure 12 presents the time
history of z -direction displacement at the center point on the load application face. Table
7 presents the solution times for direct time-response analysis. This example again demon-
strates the effectiveness of the ECB method in direct time-response analysis. However, as
shown in Figure 12, a reduced order model with insufficient DOFs may lead to a loss of
accuracy.

Table 6. Specifications of the two ECB reduced models for the robot arm problem. The full model
has a total of 101,514 free DOFs.

ECB-1 ECB-2
Number of substructures 32 32
Number of dominant substructural normal modes 480 (=32 x 15) 160 (=32 x 5)
Interface boundary DOFs - -
Reduced interface boundary DOFs 600 100
Total reduced DOFs 1080 260

10()

Relative eigenvalue error
— _
o (=]
% &

—=—ECB-1 (1080 DOFs)
4—ECB-2 (260 DOFs)
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Mode number

100

10712

Figure 11. Relative eigenvalue errors of modes 1 to 50 for the robot arm problem.
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Figure 12. Displacement time history at the center point on the load application face for the robot

arm problem.
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Table 7. Solution times of direct time-response analyses for the robot arm problem (in seconds).

Full Model ECB-1 ECB-2
Reduction - 137.69 41.73
Newmark 360.90 14.20 0.77
Partial back-transformation - 5.40 1.64
Total 360.90 157.29 44.15

5. Conclusions

This study presented an application of the Enhanced Craig-Bampton (ECB) method
for direct time-response analysis of finite element models. This research aimed to provide
an effective strategy for reducing computational effort in dynamic analysis while ensuring
accurate dynamic response predictions, achieved through the application of the ECB
method with varying configurations of reduced order models. To complement this strat-
egy, partial back-transformation was introduced to ensure that the analysis focused on
targeted regions of finite element models identified as critical for practical design or anal-
ysis. The following key highlights differentiate this study from existing works and under-
line its contributions:

e Improved computational efficiency for direct time-response analysis: The proposed
methodology demonstrated significant reductions in computational time through the
optimized use of reduced order modeling. In Example 4.2, using the same number of
substructures, the ECB method reduced the total degrees of freedom (DOFs) by ap-
proximately 98.97% compared to the full model and 97.17% compared to the CB-re-
duced order model, while achieving comparable accuracy in displacement results.
Additionally, the ECB method reduced the total computational time by 58.57% com-
pared to the CB method, showecasing its efficiency in dynamic analysis.

e Enhanced accuracy compared to the conventional CB method: By incorporating ad-
ditional substructural modes and leveraging interface boundary reduction tech-
niques, the ECB method outperformed the CB method in terms of both numerical
accuracy and dynamic response precision.

e Practical applicability in engineering problems: The ECB method’s ability to target
specific regions of interest makes it highly practical for complex engineering applica-
tions, such as transient analyses of large-scale structures in shipbuilding, offshore
engineering, and mechanical systems.

Future work will extend this methodology to large-scale finite element models with
millions of degrees of freedom [32,33]. Furthermore, upcoming studies will investigate
advanced model reduction techniques, such as Adaptive Local Mode Synthesis (ALMS)
and Enhanced ALMS, to achieve greater efficiency in transient analysis [34]. Additional
innovations, including adaptive mode selection strategies, will also be explored.
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Abbreviations

The key variables are summarized for the reader’s reference.
Symbol  Description

K, Global stiffness matrix

M, Global mass matrix

u, Global displacement vector

f, Global force vector

K Substructural stiffness matrix of substructure €,

M Substructural mass matrix of substructure €,

T, Transformation matrix of the CB method

Teen Transformation matrix of the ECB method

KCB Reduced stiffness matrix obtained from the CB method

1\7ICB Reduced mass matrix obtained from the CB method

Kics Reduced stiffness matrix obtained from the ECB method

M., Reduced mass matrix obtained from the ECB method
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