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The objective of this study is to improve the computational efficiency of the enhanced automated mul-
tilevel substructuring (EAMLS) method (Kim et al., 2015) for dealing with large finite element models
in structural dynamics. In the EAMLS method, the compensation procedure of the residual mode effect

is a bottleneck resulting in a large computational cost. The original EAMLS method indeed cannot be used
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the proposed method.

for finite element models with more than one million degrees of freedom in personal computers. An
improvement in the computational efficiency is achieved by an interface subspace reduction and a
new compensation procedure derived by residual flexibility matrices for only bottom-level substructures.
Through this approach with submatrix level computations, the computation time and memory require-
ments are significantly reduced. Several numerical examples are presented to show the effectiveness of

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

In structural dynamics, finite element (FE) analyses have been
used for decades and are indispensable in current engineering
practice. However, despite enormous improvement in computer
performance, considerable computation time is required for the
dynamic analysis of FE models with more than millions of degrees
of freedom (DOFs). Because computational efficiency is of great
interest to deal with large FE models as well as reliability of
numerical solutions, significant efforts have been made to reduce
the computation time and computer memory requirements. Com-
ponent mode synthesis (CMS) [1-13] has been widely used to
reduce FE models in various engineering fields, such as parametric
analysis [14-16], experimental modal analysis [17,18], damage
detection [19], and protein dynamics [20].

In particular, the automated multilevel substructuring (AMLS)
method [21-24], a multilevel CMS method, is an efficient model
reduction scheme for large FE models. In the AMLS method, global
(non-reduced) mass and stiffness matrices of a FE model are auto-
matically reordered using the nested dissection algorithm and
divided into many submatrices (substructures) [25-30]. Then,
through a recursive transformation procedure, a reduced model
is constructed. The procedure only retains the dominant substruc-
tural normal modes and substructural constraint modes and trun-
cates the residual substructural normal modes. Finally, a reduced
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system is solved, and approximate global responses are computed
through a back transformation. The AMLS method has been
adopted in commercial FE software and applied to numerous prac-
tical engineering problems owing to its effectiveness [31-34].

Recently, studies have been conducted to improve the solution
accuracy of the AMLS method [1,35-37] and to estimate errors in
the AMLS method [38,39]. The enhanced AMLS (EAMLS) method
[1] was developed to compensate for the residual substructural
normal modes, while such modes are simply truncated in the orig-
inal AMLS method. The EAMLS method produces a more accurate
reduced model than that of the AMLS method. However, unlike
the AMLS method, the EAMLS method hardly handles FE models
with large DOFs (more than one million DOFs). This is a critical
drawback of the EAMLS method.

In the EAMLS method, the compensation procedure of the resid-
ual mode effect requires multiplying some sparse matrices by the
multilevel constraint mode matrix that generally contains a num-
ber of dense block matrices. Furthermore, the multilevel constraint
mode matrix with the same dimensions as the global matrix
should be calculated explicitly, while the calculation is done
implicitly in the AMLS method [1,22]. This compensation proce-
dure with all residual flexibility matrices produces the fully popu-
lated reduced matrices and significantly increases the
computational cost even if the procedure is performed in a subma-
trix level computation. For the above reasons, the EAMLS method is
only available for FE models with tens of thousands of DOFs in per-
sonal computers.
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In this study, we propose a novel algorithm to improve the com-
putational efficiency of the original EAMLS method. First, a new
pattern of partitioned matrices is proposed. Then, the recursive
transformation procedure is conducted, and an interface subspace
reduction is subsequently performed. To compensate for the resid-
ual mode effect, a residual mode correction is employed for the
mass matrix using the residual flexibility matrices for only the
bottom-level substructures. This approach does not need to calcu-
late the multilevel constraint mode matrix explicitly and prevents
the reduced matrices from being fully populated. All the calcula-
tions are performed in a submatrix level without global matrix
operations. The proposed methodology substantially reduces the
bottleneck of the original EAMLS method while minimizing loss
of accuracy. It can speed up the reduction procedure with less
memory usage.

In the following sections, the new EAMLS method is derived. Its
submatrix formulation is provided for an efficient computation,
and the performance of the new method is presented through sev-
eral numerical examples.

2. New enhanced AMLS method

In this section, we derive the new formulation of the enhanced
AMLS (EAMLS) method. The key procedures are the recursive
transformation of the substructures, interface subspace reduction,
mode correction. These procedures focus on

and residual
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improving the computational performance of the original EAMLS
method [1].

2.1. Recursive transformation of the substructures

In the AMLS and original EAMLS methods [1,21-24], the global
structure is partitioned into several substructures, as shown in
Fig. 1(a). This process is referred to as multilevel substructuring,
and its hierarchy is represented by the tree diagram, see Fig. 1
(b). From this tree diagram, the bottom- and higher-level substruc-
tures are defined, and the sets of ancestors and descendants corre-
sponding to the ith substructure, A; and D;, are defined [22]. For
example, in Fig. 1(b), A3 is {7}, and Ds is {1, 2}. The other sets can
be also defined in the same way. Based on this tree diagram, the
block matrix pattern for the AMLS and original EAMLS methods
is described, as shown in Fig. 1(c).

In the new EAMLS method, the recursive transformation proce-
dure of the AMLS method is modified. Multilevel substructuring
and numbering are performed as shown in Fig. 2(a). The substruc-
ture numbers for all bottom-level substructures are designated,
and then, the substructure numbers for the rest of the substruc-
tures (i.e., higher-level substructures) are designated. Conse-
quently, the tree diagram and block matrix pattern are defined as
shown in Fig. 2(b) and (c), respectively.

After substructuring into n substructures, the generalized
eigenvalue problem of the global FE model is defined as

(c)

Fig. 1. Multilevel substructuring for the AMLS and original EAMLS methods: (a) partitioned structure, (b) tree diagram, and (c) block matrix pattern for the reordered matrix.

(a)

Fig. 2. Multilevel substructuring for the new EAMLS method: (a) partitioned structure, (b) tree diagram, and (c) block matrix pattern for the reordered matrix.

(b)

(c)
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sym.
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K= I([j ij fori:172,-~~.,n, VjGAi,
sym.
L K n

(1)

where M and K are the global mass and stiffness matrices of N x N (N
is the number of DOFs in the global matrix), respectively; ¢ is the glo-
bal mode corresponding to the natural frequency . The diagonal
matrices M;; and K;; denote the mass and stiffness matrices of the
ith substructure, respectively. The off-diagonal matrices M;; and K;;
denote the mass and stiffness matrices of the ith substructure coupled
with the jth substructure, respectively, where the jth substructure
denotes the ancestors for the ith substructure, see Fig. 2(b) and (c).
The off-diagonal matrices M;; and K;; are the zero matrices when
the jth substructure is not the ancestor of the ith substructure.

By performing the recursive transformation procedure, the ith
transformed mass and stiffness matrices are obtained as follows:

. N\ T .
M® = (T“)T(Z)---T“’) M(TWT(Z) » -T<’>).,
i 1)7(2 \T )2 i :
KO = (TO12 1) K(TOT? - T9) fori = 1,2, +-.n, (2)

in which M®” and K (i < n) are the incompletely transformed mass
and stiffness matrices, respectively, M™ and K™ are the completely

transformed mass and stiffness matrices, respectively, and T? is the
recursive transformation matrix for the ith transformation.

In Eq. (2), T is defined by
-

fori=1,2,---,n VjeA,

I, |
(3)

where ®; is the substructural normal mode matrix for the ith sub-
structure, ¥;; is the substructural constraint mode matrix of the
ith substructure coupled with the jth substructure, and I denotes
the identity matrices. The substructural constraint mode matrix
W;; is the zero matrix when the jth substructure is not the ancestor
for the ith substructure.

The substructural normal mode matrix ®; can be computed by
the following substructural eigenvalue problem:

K "o, =M/ "o fori=1,2,---,n, (4)

in which M{; " and K{; " are the substructural mass and stiffness
matrices corresponding to the ith substructure in the (i-1)th trans-
formed mass and stiffness matrices, M" and KV, respectively.

The substructural eigenvalue matrix A; is a diagonal matrix consist-
ing of eigenvalues, squares of the natural frequencies, for the ith

substructure. Here, M® and K© are identical to M and K in Eq.
(1), respectively.

The substructural constraint mode matrix ¥;; is defined as

(1) gD i j

w,;jzf(l(,.j ) K’ fori=1,2,--,n-1,%eA, (5
where K" is the off-diagonal matrix in K* ", which corresponds
to the ith substructure coupled with the jth substructure.

The substructural normal mode and eigenvalue matrices in

Eq. (4), ®; and A;, are decomposed by a given cutoff frequency
for the substructures as follows:

AY 0
o=[of ol a=|y 0] ©
1

in which ®¢ and @/ are the dominant and residual substructural
normal mode matrices of M{; " and K", respectively, and A{
and A] are the corresponding eigenvalue matrices. Note that all

diagonal entries in AY are smaller than the square of the given cutoff
frequency.
In Eq. (2), the complete transformation matrix T is defined as

n
T=TOT® ... TM _ T(i)7 (7)
Il
and it can be decomposed into two parts as follows: [1,22]
ll (D]
T = Y@ with ¥ = L ¥ , 0= @;
I, @,

fori=1,2,---,n, VjeA,
8)

where ¥ and ¥;; denote the multilevel constraint mode matrix and
its substructural component, respectively; ® is the normal mode
matrix consisting of all substructural normal mode matrices ®;.
Here, ¥; j 1s the zero matrix when the jth substructure is not the
ancestor of the ith substructure.

Considering ®¢ and ®; in Eq. (6), the normal mode matrix @ in
Eq. (8) can be reordered and divided as follows:

D=[D; D]
with
@ @ o
(Dd - ) (Dr =
@ @,

From Eq. (9), the transformation matrix T in Eq. (8) is decom-
posed into two parts as follows:

T=[T; T, ]withT,=¥®, T, = Yo, (10)

in which T; and T, denote the dominant and residual parts of the
transformation matrix T, respectively.

Utilizing only Ty in Eq. (10), the reduced mass and stiffness
matrices from the recursive transformation procedure are given by

M = T/MT,, K = T,KT,, (11)

where M and K are equal to M™ and K™ in Eq. (2), respectively.



4 C. Hyun et al./Computers and Structures 228 (2020) 106158

In the actual implementation, the matrix @, in Eq. (10) is not
computed; the Rayleigh-Ritz procedure [40] described in Eqgs. (2)
and (11) and the calculation of ¥ in Eq. (10) are not explicitly per-
formed to construct the matrices M, K, and T,. Instead, for compu-
tational efficiency, all substructural components in M, K, and T, are
calculated using a submatrix computation strategy [22,23] given in
Appendix.

2.2. Interface subspace reduction

After performing the recursive transformation procedure, the
tree diagram and block matrix pattern are changed, as shown in
Fig. 3. From Fig. 2(a), the higher-level substructures can be
regarded as an interface boundary based on the geometric perspec-
tive. Hereinafter, the higher-level substructures are referred to as
the interface, and thus, we can define the interface subspace Qr
as shown in Fig. 3.

Unlike the AMLS and original EAMLS methods [1,22], two differ-
ent cutoff frequencies w, and wr are given and applied separately
to the bottom-level substructures and the interface, respectively.
The cutoff frequency wr is set larger than ), to better approximate
the interface behavior, and we set wr = 16.5w, and wy, = 11w,
when the highest excitation frequency is w.. However, these cutoff
frequencies would incur the large interface subspace. Therefore, an
interface subspace reduction is performed to obtain a new smaller
subspace. The reason for adopting this frequency cutoff method
will be discussed in Section 2.3.

Based on Fig. 3(b) and (c), the reduced mass and stiffness matri-
ces M and K in Eq. (11) can be represented by

. I, Myr| K, 0
M= |_ | K= |, 12
{MEI Mr } [ 0 Kr (12)
in which the subscripts b and I" denote the bottom-level substruc-
tural and interface quantities, respectively. The matrices My and Kr

denote the mass and stiffness matrices for the interface subspace
Qr, respectively, and M, - denotes the mass matrix of the reduced
bottom-level substructures coupled with the interface subspace.
The size of the identity matrix I, is N, x Nj, where N, is the number
of dominant substructural normal modes for all bottom-level
substructures.

The eigenvalue problem for the interface subspace is defined
as

(13)

_ _ o, 0
KrE =MrE@ withE = [E4 & ], @:{ d }

0 O
where E and O are the normal mode and eigenvalue matrices of the
interface subspace Qr, respectively, and they are decomposed into
the dominant and residual parts (£; and E,, ®; and ©,).

Utilizing the matrix E in Eq. (13), the transformation matrix for
the interface subspace reduction is defined as

[ o
Ts_{o :} (14)

and it can be decomposed into the dominant and residual parts
as

T.= [T TE}WithTf=[:;’ f}Tﬁ{f}- (15)
=d

=
=r

Multiplying the transformation matrix Ty in Eq. (10) by Ts in
Eq. (15), the following equation is obtained:

Ty =TT, = [Tdrg TdT§]- (16)

Then, T, replaces T, in the transformation matrix T(= [Ts T:)),
and the following equation is obtained:

T=[1, T]=[T0 TT T (17)

ol

kel

jell

&D l
kel

jell
ol
-

Ol

2l

(b)

o

o

0l
_|:O|

]

2l

(c)

Fig. 3. Description of substructures after the recursive transformation procedure: (a) tree diagram, (b) block matrix pattern for the mass matrix, and (c) block matrix pattern
for the stiffness matrix. Here, Q; indicates the ith reduced substructure, and Q, and Qr denote the reduced bottom-level substructures and interface subspace, respectively.
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After switching the columns corresponding to T,T, and T, in Eq.

(17), the transformation matrix Tis decomposed into the dominant
and residual parts as follows:

T:[id fr]withi"dszTf, T = [T, T[T, (18)

in which i‘d is the newly derived dominant transformation matrix
based on the interface subspace reduction in the proposed method,

and "i'r is the corresponding residual transformation matrix.
Using Egs. (10) and (15) in Eq. (18), the dominant and residual

transformation matrices, 'I"d and 'I",, can be represented as
T, = ¥o,, T, = ¥o,
o~ ot 0o ]~ [® 0 0 (19)
w1th<l>d_[ b d_} r_{ b . d_}
0 CI)I-:.d 0 q)F q)r':r
where ®{ and ®¢ are the normal mode matrices corresponding to
the bottom-level substructures and the interface of ®, in Eq. (9),

respectively. Similarly, ®; and ®[. are the bottom-level substruc-
tural and interface parts of ®, in Eq. (9), respectively.

Employing only the dominant transformation matrix 'I"d in Eq.
(18), we obtain the reduced mass and stiffness matrices based on
the interface subspace reduction as follows:

I, 1\71[}

T _

M, = TIM, = (1) m(T?) =

M1 (20a)
with 1\7[5 = Mb,FEd7 ir = EZMrEd,
- ~ o~ T_ K, 0
Ky =TIKT, = (T R(T) = | ¥ =
0 Kr (20D)

with f(r = EEIZFEd = ®d7

in which ir is the identity matrix of Klr X Klr (Nr is the number of
dominant normal modes of the interface subspace), and 1\71,1 and
K, are the N x N matrices (ﬁ =Ny + &r).

Then, the eigenvalue problem for l\7[d and IN(d is given by
IN(dXd = 5)21\N/[dxd, (21)

where X, is the reduced mode corresponding to the approximate
natural frequency .

2.3. Residual mode correction

In the original EAMLS method, the residual mode effect is com-
pensated for all substructures, except for the highest-level sub-
structure [1]. This guarantees highly accurate solutions; however,
the number of nonzero block matrices increases, which reduces
the computational efficiency. Because the primary objective of
model reduction methods is to deal with large FE models effi-
ciently, the efficiency of the EAMLS method should be improved
with minimal loss of accuracy.

In the new EAMLS method, the residual mode effect is only con-
sidered for the bottom-level substructures to decrease the number
of nonzero block matrices. This approach reduces the solution
accuracy but can provide much more efficient calculations to han-
dle large FE models. To minimize the loss of accuracy, the interface
behavior should be accurately approximated using sufficient dom-
inant normal modes. Therefore, the two cutoff frequencies w, and
wr are employed, as described in Section 2.2.

Assuming that the Rayleigh-Ritz procedure is conducted with

the transformation matrix T in Eq. (18), the generalized eigenvalue
problem in Eq. (1) is expressed as

IN(d — 6021\7ld *U)zl\Nﬂd,— de| . |:0j|
7w21\715, K, — M, | LXr 0
with K, = T'KT,, M, = T\MT,, M, = T'MT,, (22)

and the global mode ¢ in Eq. (1) can be expressed with the trans-
formation matrix T as follows:

X4

.| (23)

@ =Txwith T= [-}d fr],x:

Expanding the second row equation of Eq. (22), X, is written as

~ \—1~T

X = 0 (f(, — M) MyXg, (24)

and substituting Eq. (24) into Eq. (23), the global mode ¢ can be
represented in terms of x; without X, as follows:

~ ~ g~ ~ -1~
- [Td + 0T, (K, - szr) Mgr} Xq. (25)
~ o~ ~T AT ~
Using T, = Y@, in Eq. (19) and M, = T,MTj in Eq. (22), the glo-
bal mode ¢ in Eq. (25) is rewritten as
Q= [i‘d + wz‘?ﬁr‘?TM'}d] X4
~ ~ ~ ~ -1~
with F, = @, (Kr - wZM,) @, (26)
in which lN:r is the residual flexibility matrix [1].
The residual flexibility matrix f=r in Eq. (26) can be expanded as
F, = &K '@ + 0@ K MK + 0(0*) + 0(f) +---, (27)

and it can be approximated by neglecting the terms related to the
unknown o as follows:

F, ~F, = 0K @], (28)

where f:,s is the static part of the residual flexibility matrix [1].
To prevent the reduced mass and stiffness matrices from being
fully populated, the residual flexibility is only considered for the

bottom-level substructures in Frs. Then, the approximate residual

flexibility matrix lN:,b is obtained as follows:

b .
Fl
~Tb

N - Fz ~1b

Frs ~ Frb = [Fb 0]
~1b 0 0
Fn,,

L 0]

. ~ . -1 -1 T .
with F? = (K")  —of (A7) (@) fori=1,2,-, m, (29)
in which n, denotes the number of bottom-level substructures. The
. -1 ~rb
matrices (l(?’;”) and F; are the full and residual flexibility matri-

~Tb
ces for the ith substructure, respectively, and F, is the residual flex-
ibility matrix for all bottom-level substructures. Note that we do
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. -1
not explicitly compute (l(;_’;”) , a fully populated matrix, when

~Tb
calculating F; .

Using lN:,,, in Eq. (29) instead of lN=, in Eq. (26), the approximate
global mode foe is defined as

¢~ @o = |Tg + 0*WF, ¥TMT,|x,. (30)

From Eq. (30), the transformation matrix for the new EAMLS
method is defined as

T, = T, + w’T, with T, = WF,, ¥'MT,, (31)
where 'I'a is the additional transformation matrix incorporating the

residual mode effect for the bottom-level substructures.

Employing Eq. (18), the dominant transformation matrix 'i"d in
Eq. (31) is represented by
~ (I)d ’i‘d ~ ~
T,=T,T = | P "¢ withT! =T¢ &, T = TiE,, (32)
0 T¢ '

in which T;r and T¢ are the submatrices of T, in Eq. (10) expressed
as

o T

T, = { b ﬂ. (33)
0 T;

Here, Tgr and T¢ denote the coupled and interface quantities in
Ty, respectively.

The additional transformation matrix 'i"a in Eq. (31) is expressed
as

T, — ¥, - | OV B,
0 0
with Qb = Mb'fg —+ Mb‘r'f(li-,

(34)

where M, and M, - are the submatrices of M in Eq. (1) represented
by the bottom-level substructural and interface parts as
follows:

M, M,r
M= . 35
{Mz.r MF} 35)

Here, My, M, and Mr denote the bottom-level substructural,
coupled, and interface quantities, respectively. Note that, unlike
the original EAMLS method, it is unnecessary to calculate the mul-
tilevel constraint mode ¥ for the compensation procedure of the
residual mode effect.

In Eq. (34), ngM,,cbg is the zero matrix owing to the mass

~Th ~
orthogonality of F, and ®{, and thus T, is rewritten as
T, = {g Td with T¢, = F?Q,. (36)

Using 'i‘e in Eq. (31), the reduced mass and stiffness matrices are
defined as

~T ~ ~ ~T ~ ~T ~ ~T ~
M, = T,MT, = M, + 0*T,MT, + &*T,MT, + *T,MT,, (37a)

~ ~T ~ ~

~T ~ ~T ~ ~T ~
K. = T,KT, = K; + 0*T,KT, + 0*T,KT; + 0*T,KT,, (37b)

and the reduced eigenvalue problem is given as

{f(d + a)zi‘gl(i‘u + a)z’i'gl(”i‘ 0+ a)4i‘gl(”i‘a]xd
(38)
= w? [I\N/[d + wZiT,Mi, + wzi'uTM”I'd + w“i‘aTMi'a] Xq.

Substituting 'i"d in Eq. (32) and 'I"a in Eq. (36) into the reduced
matrices in Eq. (37) and using the mass and stiffness orthogonality

~1b
of F, and ®{, the following relations are obtained: [39]

TKT, = T\MT, = T'MT,, (39a)

TIKT, = T'KT, = 0. (39b)

Employing Eq. (39) and assuming  ~ ., the reduced eigen-
value problem in Eq. (38) is rewritten as

~ L2~ ~T ~ ~T ~
Kaxq = 0, |My + 0?T,MT, + *T,MT, | x,. (40)

For the unknown natural frequency o in Eq. (40), the following
relation from Eq. (21) is obtained: [1]

0?Xg ~ *Xq = Hxg with H = lﬁg’ﬁd. (41)

~T ~
Neglecting the fourth-order term of w (w*T,MT,) in Eq. (40)
and substituting Eq. (41) into Eq. (40), the new reduced eigenvalue
problem is given as

~ 2~ ~T ~ ~
Koxq = 0, {Md +T,MT, H}xd‘ (42)

Finally, the new reduced mass and stiffness matrices in the pro-
posed method are defined as

~ ~ ~T ~ ~
M, = M, + T,MT,H, (43a)

K. = Ky, (43b)

~T ~ ~
in which T,MT,H is the additional mass matrix for the residual
mode correction; l\7[e and Re are the fl x ﬂl matrices with the same

dimension as l\7|d and IN(d in Eq. (20).
Using Eq. (41) for the unknown o, the transformation matrix for

the proposed method i‘e in Eq. (31) becomes
ie = id + ’i‘a ﬁv (44)

where 'i"e is the N x N matrix. The transformation matrix provides
approximate global responses from reduced responses. Through
this back transformation procedure, the approximate global mode

@. can be obtained as follows:

¢~ @ = Tx,. (45)

The computation flows of two methods, the original and new
EAMLS methods, are compared in Fig. 4.

3. Formulation for efficient computation

In the original enhanced AMLS (EAMLS) method [1], the trans-
formation matrix of the AMLS method is enhanced by considering
the residual mode effect. To do so, global matrix operations are
required, and thus the computational efficiency deteriorates
rapidly for the large FE models.
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Substructuring &
recursive transformation

|

Calculate the multilevel
constraint mode matrix

|

Calculate the EAMLS
transformation matrix

Reduced model &
transformation matrix

Solve the reduced
eigenvalue problem

Y

Back transformation

A

Y

7
Solution
output

Original EAMLS
ends

Table 1

(a)

Procedure of the new EAMLS method.

Procedure

Operation

Recursive transformation

Interface subspace
reduction

Residual mode correction

Solution of the reduced
system
Back transformation

Substructuring as Eq. (1)

Recursive transformation on M and K by

Eq. (A1)

Construction of Mr and Kr as shown in Eq. (12)

Solving KrE; = MrE,0, in Eq. (13)

Construction of lgld and Rd as shown in Eq. (48)
Calculation of T, by Eq. (A.2)

~d ~d
Computation of T, and T by Egs. (50) and (51)
Calculation of T, by Eq. (52)
Computation of E by Eq. (54)

~ ~—1~
Solving H =M, K, in Eq. (41)

~T ~ o~

Calculation of T,MT, H as shown in Eq. (56)

Construction of l\?[e and I~(e by Eq. (43)
Solving the reduced eigenvalue problem in
Eq. (42)

Back transformation by Eq. (58)

To resolve this drawback, in this section, we provide the formu-
lation of the proposed method at a submatrix level without global
matrix operations. The procedure is listed in Table 1.

r

ar T/

Substructuring &
recursive transformation

e e g
Interface subspace reduction

Compute eigensolutions |

for the interface subspace

|

l Reduced model & |
transformation matrix

based on the interface |
subsapce reduction

Interface subspace reduction

Residual mode correction

Compute the additional |
transformation matrix

' |

Compute the additional
mass matrix

New reduced model &
transformation matrix |

o o s e aes ey e &l

Solve the reduced
eigenvalue problem

v

Back transformation

Solution
output
New EAMLS
ends

(b)

Fig. 4. Flow charts for the reduction procedures: (a) the original EAMLS method and (b) the new EAMLS method.

In the proposed method, l\7ld, Rd, i‘d, fa, and Hin Eq. (43) are cal-
culated to construct the reduced mass and stiffness matrices l\N/IB
and IN(e.

To calculate l\N/ld and Rd, we firstly compute the reduced mass
and stiffness matrices M and K in Eq. (11) using submatrix compu-
tations given in Appendix. The matrices M and K are described as
follows:

Ml,l Ki,

Ki;

sym.
K
fori=1,2,---,n VjeA.
(46)
After solving the eigenvalue problem for the interface subspace
in Eq. (13), the submatrix form of E; is represented as

= =)

where E¢ corresponds to the (i+ n,)th reduced substructure in
Eq. (46), and n, denotes the number of higher-level substructures.

(47)

I

o= | &)
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Using Eqgs. (46) and (47), the reduced matrices l\7[d and IN(d in
Eq. (20) are obtained as follows:

I M

Af
M, — o || ‘
o) ) °

with M; = S M=, fori=1,2, -, n, Vj € A
J
(48)
The dominant transformation matrix "I‘d in Eq. (32) is calculated
after computing T, in Eq. (10). The matrix Ty is also computed
using submatrix computations given in Appendix and represented

das

rrd
Tl.l

fori=1,2,---,n,VieA. (49)

d
Tn.n i

Employing E; in Eq. (47) and T, in Eq. (49), 'I"d in Eq. (32) is cal-
culated by

@] T
i, o T
T
. (50)
r
ny 4

sb e de=d oI _ =d
with T =) T &, T, = Z'l'(lj+nb.l—‘l—nb
J 1

fori=1,2,---, ny, VjeA,,
k=1,2,--, ny, Vle ({k+np} UAiin,).

~C ~T ~d ~d
in which T; and T, are the submatrices of T, and T in Eq. (32),
respectively, as follows:

@ )] @) @ ]

- | (1)

T

The additional transformation matrix "i‘a in Eq. (36) can be

obtained by calculating f; as follows:

ol @ ][ o) - fe)]

with Q = MyT; + S OMTL, fori=1,2, .-, m, V€A, (52)
J

~1b
where F; can be calculated by Eq. (29).

~T ~ ~

Then, to compute the additional mass matrix T,MT,H in
~T ~ ~
Eq. (43a) efficiently, T,MT, and H are calculated separately. In
~T ~
Eq. (39a), T,MT, can be represented by

TIMT, = {g :} with E = QTF?Q,, (53)

in which E is calculated using Q; and i in Eq. (52) as follows:
TNrb np rom
E-Q,F,Q, =) QT . (54)
i1

The non-symmetric matrix H computed by Eq. (41) can be par-
titioned into the bottom-level substructural and interface quanti-
ties as

- |H, H
H-= {Nb N”]. (55)
Hr, Hr
~ ~T ~ ~
After calculating E in Eq. (54) and H in Eq. (55), T,MT.H in
Eq. (43a) is computed by

Hy Hyr| [ O 0
0 " |EHr, EHp

- : (56)
Hr, Hr

ST 70 0
TdMTaﬂz[o E}

~ ~T ~ ~
Finally, by summing My in Eq. (48) and T,MT, H in Eq. (56), the
reduced mass matrix for the proposed method I\N/le can be efficiently
computed. The reduced stiffness matrix for the proposed method
IN(e is equal to Rd in Eq. (48).
For the back transformation to obtain the approximate global

mode from the reduced mode, (}e and x4 in Eq. (45) are represented
as

¢i=[(¢§)T (@) (JJ;&)T}T’ (57)

where &;g and (7)% denote the approximate global modes corre-
sponding to the bottom-level substructures and interface, respec-
tively. The vectors x¢ and x¢ denote the reduced modes
corresponding to the bottom-level substructures and the interface,

respectively. The substructural components (7),? and x¢ denote the
approximate global and reduced modes corresponding to the ith
substructure, respectively.

Using Eqs. (44) and (57) in Eq. (45), the approximate global

mode @, is calculated by
¢ = o/x! + Txt + Ty

with y = Hrpx? + Hrxd for i =1, 2, -+, ny, (58a)
@ =Tix{. (58b)

There is no global matrix operation during the reduction proce-
dure, including the back transformation. The computational effi-
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ciency of the original EAMLS method is greatly improved through
the procedures presented in Sections 2 and 3.

4. Numerical examples

In order to investigate the performance of the new enhanced
AMLS (EAMLS) method, we consider several numerical examples:
a centrifugal impeller, a femur, and an airplane. Table 2 lists the
number of DOFs and nonzero entries in the global FE matrices
for each example.

The performance of the new EAMLS method is compared to that
of the AMLS and original EAMLS methods. To measure the solution
accuracy, the following relative error in the natural frequency is
used:

oo
e =

o (59)

where e; is the relative error in the natural frequency for the ith

mode, and w; and w; are the ith natural frequency obtained by
the global FE model and the ith approximate natural frequency
obtained by the reduced model, respectively. Here, the rigid body
modes are not used when evaluating the solution accuracy. The effi-
ciency is evaluated by the computation time and required computer
memory. Note that the computation time is the elapsed time for the
entire reduction procedure, including the back transformation.

The global FE matrices are reordered and automatically parti-
tioned into several submatrices using METIS [26], open source soft-
ware for unstructured graph partitioning. The frequency cutoff
method is used to select the dominant normal modes as in Sec-
tion 2.2. All numerical computations are performed using MATLAB
2016b on a personal computer (PC) with Intel i7 7700 3.60 GHz
and 32 GB of memory.

4.1. Centrifugal impeller

We consider a centrifugal impeller, a key component of a cen-
trifugal compressor, as shown in Fig. 5. The impeller is modeled
using 66,201 four-node tetrahedral elements (52,332 DOFs), and
the FE model is partitioned into 236 substructures. The same size
of the reduced models is considered to compare the AMLS, EAMLS,
and new EAMLS methods. The number of approximate global
modes with natural frequencies sought in this example is 60.

For the AMLS and original EAMLS methods, 1519 dominant sub-
structural normal modes for the substructures are retained. In
other words, the size of the reduced models obtained by the two

methods, N, is 1519. For the new EAMLS method, the numbers of
dominant normal modes for the bottom-level substructures and
interface subspace are 1130 and 389, respectively (N, = 1130

and Klr = 389). Thus, the size of the reduced model, N is 1519

(N =N, +Nr).

In this example, the solution accuracy is measured by the rela-
tive error in the natural frequencies in Eq. (59). Also we consider
the relative error in the modes defined by the angle between the

Table 2
Finite element models for each example.

Example DOFs Number of nonzero entries

Mass matrix Stiffness matrix

Centrifugal impeller 52,332 626,844 1,879,836
Femur 610,260 7,992,858 23,978,034
Airplane 2,025,180 28,224,198 84,666,422
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Fig. 5. Centrifugal impeller (66,201 four-node tetrahedral elements and 52,332
DOFs).

global mode obtained by the global FE model and approximate glo-
bal mode obtained by the reduced model as follows:

& = arccosM, (60)
I @ lI,11 @i [l

where ¢;, @;, and @; are the ith relative error in the mode, ith global
mode, and ith approximate global mode, respectively.

Figs. 6 and 7 show the relative errors in the natural frequencies
and modes, respectively. The accuracy of the new EAMLS method is
comparable to that of the original EAMLS method. In the low fre-
quency range, the original EAMLS method represents more accu-
rate solutions than the new method because it uses the residual
flexibility matrices for all substructures, except for the highest-
level substructure. On the other hand, the new EAMLS method pro-
vides the consistent solution accuracy in the frequency range of
interest due to the use of more substructural normal modes and
the residual flexibility matrices for the bottom-level substructures.

The computation times are shown in Fig. 8, and their details are
listed in Table 3. In the original EAMLS method, the calculation of
the multilevel constraint mode matrix and EAMLS transformation
matrix induces a large computation time. Consequently, the origi-
nal EAMLS method requires 374.94 s for the entire reduction pro-
cedure, while the new EAMLS method requires only 61.57 s.

10 —6— AML
s
—O—EAMLS
. —8— New EAMLS
0 10 20 30 40 50 60

Mode number

Fig. 6. Relative errors in the natural frequencies for the centrifugal impeller:
N=N=1519.
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—o— EAMLS
—&— New EAMLS

105 1 1 1 L 1 L
0 10 20 30 40 50 60

Mode number

Fig. 7. Relative errors in the modes for the centrifugal impeller: N = N =1519.
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— N N w w
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-
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T

50
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Fig. 8. Computation times for the centrifugal impeller: N = N =1519.

In Table 4, we list the densities of the reduced mass and stiff-
ness matrices defined by a fraction of the number of nonzero
entries to the total number of entries in the matrix. In the original
EAMLS method, the densities of the reduced mass and stiffness
matrices are 100%, while the densities for the proposed method
are 44.71% and 0.07%, respectively.

The computational efficiency is remarkably improved through
the new EAMLS method.

4.2. Femur

Here, a femur is considered, as shown in Fig. 9. The femur is ani-
sotropic; however, it is assumed to be an isotropic material [41].
For modeling the femur, 936,887 four-node tetrahedral elements
are used, and the number of DOFs is 610,260. The FE model is par-
titioned into 1971 substructures. The number of approximate glo-
bal modes with natural frequencies sought in this example is 100.

As mentioned in Section 1, calculating the multilevel constraint
mode matrix in the original EAMLS method requires large com-
puter memory (over 32 GB) when 1971 substructures are used.
Thus, the reduced model cannot be constructed using the original
EAMLS method because there is not enough memory in the PC. In
this example, reduced models are obtained using the AMLS and
new EAMLS methods. The size of the reduced models is 4264

Table 3

Specific computation times for the centrifugal impeller. The ratios in this table are
defined as follows: (ratio) = (computation time) + (total computation time of the
AMLS method) x 100.

Method Procedure Computation
time
(s) Ratio
(%)
AMLS Recursive transformation 48.74 81.78
Reduced eigenvalue problem 0.85 1.42
Calculation of the AMLS transformation 9.75 16.36
matrix
Back transformation 0.26 0.44
Total 59.60  100.00
EAMLS Recursive transformation 50.30 84.39
Calculation of the multilevel constraint 64.33 107.94
mode matrix
Calculation of the EAMLS transformation 255.23 428.24
matrix
Construction of the reduced model 3.84 6.44
Reduced eigenvalue problem 1.00 1.68
Back transformation 0.24 0.40
Total 37494 629.09
New EAMLS Recursive transformation 49.46 82.99
Interface subspace reduction 7.91 13.27
Residual mode correction 3.53 5.92
Reduced eigenvalue problem 0.51 0.86
Back transformation 0.16 0.27
Total 61.57 103.31
Table 4

Reduced matrices information for the centrifugal impeller.

Method Reduced DOFs Density of the matrix (%)
Reduced mass Reduced stiffness
matrix matrix

AMLS 1519 29.17 0.07

EAMLS 1519 100.00 100.00

New EAMLS 1519 44.71 0.07

Fig. 9. Femur (936,887 four-node tetrahedral elements and 610,260 DOFs).

(N =N =4264). The maximum memory allocated during the
reduction procedures is listed in Table 5.

The solution accuracy of the new EAMLS method is compared to
that of the AMLS method using the relative error in the natural fre-
quency in Eq. (59) and the modal assurance criterion (MAC). The
MAC is defined as
ol o)’

MAC(i,j) = W |

(61)
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Table 5
Memory usage histories for the femur.

Method Procedure Maximum
memory
allocated (GB)

AMLS Recursive transformation 12.77

Reduced eigenvalue problem 8.68
Calculation of the transformation matrix 13.15
Back transformation 6.84
Maximum value 13.15
EAMLS Recursive transformation 15.58
Calculation of the multilevel constraint Out of memory
mode matrix
Calculation of the EAMLS N/A
transformation matrix
Construction of the reduced model N/A
Reduced eigenvalue problem N/A
Back transformation N/A
New EAMLS Recursive transformation 13.74
Interface subspace reduction 14.85
Residual mode correction 3.59
Reduced eigenvalue problem 3.78
Back transformation 3.46
Maximum value 14.85

Iog10 ei

108

to reduce the global FE model.

11

Fig. 10 shows the relative errors in the natural frequencies, and
Fig. 11 shows the MACs obtained by the AMLS and new EAMLS
methods. The computation times are listed in Table 6. The results
show that the new EAMLS method provides excellent solution
accuracy with minimal additional computational cost compared
to that of the AMLS method, while the original EAMLS method fails

4.3. Airplane

accuracy is similar to that of the AMLS method.

Table 6

In order to verify the performance of the new EAMLS method
for a large FE model with more than 2 million DOFs, we consider
an airplane modeled by three-node shell elements [40,42-45]
(see Fig. 12). The numbers of elements and DOFs used in the global
FE model are 675,056 and 2,025,180, respectively, and the FE
model is partitioned into 2046 substructures. As in Section 4.2,
the reduced model cannot be constructed using the original EAMLS
method. The number of approximate natural frequencies sought in
this example is 400.
In this example, the reduced model obtained by the new EAMLS

method (ﬁ = 5492 with N, = 4727 and KJF = 765) is compared to
the reduced models with the same size (N = 5492) and similar

accuracy (N = 23,872) obtained by the AMLS method.
Fig. 13 shows the relative errors in the natural frequencies

obtained by the three different reduced models (N = 5492,
N= 23,872, and N= 5492). The reduced model obtained by the
new EAMLS method (KJ =5492) is four times smaller than that
obtained by the AMLS method (N = 23,872); however, its solution

Computation times for the femur. The ratios in this table are defined as follows:
(ratio) = (computation time) + (total computation time of the AMLS method) x 100.

107 —O— AMLS Method Computation time
—&— New EAMLS
] | ! ! | ! | 1 L 1 1 ()
0% 10 20 30 40 50 60 70 80 90 100 AMLS 3317.03
Mode number EAMLS N/A
. New EAMLS 3603.93
Fig. 10. Relative errors in the natural frequencies for the femur: N = N = 4264.
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Fig. 11. MACs for the femur: (a) the AMLS method and (b) the new EAMLS method: N = N = 4264.
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QR

Fig. 12. Airplane (675,056 three-node shell elements and 2,025,180 DOFs).

Iog10 ei

4 —O— AMLS ( N = 5492)
10 —4A—AMLS ( N = 23,872)
—&— New EAMLS (N = 5492)
10-8 L 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400

Mode number

Fig. 13. Relative errors in the natural frequencies for the airplane:
N =5492, N =23,872, and N = 5492, Markers are placed at 20-natural-frequency
intervals.

Tables 7 and 8 list the computation times and densities of the
reduced matrices, respectively. These results show that, for the

same DOFs as that of the AMLS method (N = 5492), the new
EAMLS method constructs a more accurate reduced model with
an additional cost of 2.16%. In addition, the reduced model
obtained by the new EAMLS method has less number of nonzero
entries. For similar accuracy to that of the AMLS method

(ﬂl:23,872), the new EAMLS method constructs a smaller
reduced model with less computation time.

Table 7
Computation times for the airplane. The ratios in this table are defined as follows:
(ratio) = (computation time) -+ (total computation time of the AMLS method) x 100.

Method Computation time
(s) Ratio (%)
AMLS (N = 5492) 5177.36 100.00
AMLS (N = 23,872) 6104.18 117.90
EAMLS NJA -
5289.42 102.16

New EAMLS (N — 5492)

Table 8
Reduced matrices information for the airplane.

Method Reduced DOFs Density of the matrix (%)
Reduced mass Reduced stiffness
matrix matrix

AMLS 5492 48.140 0.018

AMLS 23,872 18.610 0.004

EAMLS N/A - -

New EAMLS 5492 25.934 0.018

5. Conclusions

In this study, we presented an algorithm to improve the compu-
tational efficiency of the enhanced AMLS (EAMLS) method. With
minimal loss of accuracy, we effectively reduced the matrix oper-
ation terms that cause a slowdown and require excessive computer
memory in the original EAMLS method. An interface subspace
reduction was employed to construct a compact reduced model.
In addition, a residual mode correction was derived by the residual
flexibility matrices for only the bottom-level substructures, and it
was applied to only the mass matrix. As a result, the calculation
of the multilevel constraint mode matrix, one of the bottlenecks
in the original EAMLS method, was not performed explicitly. The
formulation of the new EAMLS method was presented at a subma-
trix level for an efficient computation.

Through numerical examples, we demonstrated that the new
EAMLS method significantly reduced the memory requirements
and computation time of the original EAMLS method with similar
accuracy. Furthermore, with a similar accuracy to that of the AMLS
method, the efficiency of the new EAMLS method was greater than
that of the AMLS method to reduce a large FE model, which could
not be handled by the original EAMLS method.

Future efforts to develop parallel implementation for large FE
models that are difficult to handle on a single processor would
be valuable. The new EAMLS method could also be extended to
an alternative to classical eigenvalue solvers, such as the subspace
iteration [40,46] and Lanczos methods [47,48].
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Appendix. Submatrix formulation for the recursive
transformation

We provide the submatrix formulation to compute the mass,
stiffness, and transformation matrices (M, K, and T;) in Egs. (10)
and (10) and (11). The detailed derivation is well described in
Refs. [22,23].

The substructural components of M® and K® (fori=1,2,---,n)

in Eq. (2) are computed to construct the matrices M and K in
Eq. (11) as follows:

K of = M7 Vol A, (A.1a)

-1\ " Vypli-1) for Vi b
¥ij = _(Kij ) K for Vj € A;, (A.1b)
K =KV + ¥ K" for Vj,l €A (A1c)

. . . . T .
M<ll) = M(.lil) + ‘PLME};U + (Mgl.il)) ¥ + ‘PLME‘T])\P,‘J for VJ,I S A,‘,

Js 3l ij

(A1d)
M) = (@) (M + M) for Vil € A, (Ale)
M) =M/ + MV, for Vj € D;, VI € A;, (A1f)
M;; =MV @ for Vj € D;, (Alg)
Kii = (@)K ¢ = A?, (A.1h)
M;; = (@¢) M;®¢ =T, (A1i)
Ki; = 0 for Vj € A;, (A1j)

where the superscripts (i) and (i — 1) denote matrices in the ith and
(i — 1)th transformations, respectively, and the mass and stiffness
matrices with subscripts denote the substructural components.
The matrix I; in Eq. (A.1i) is the identity matrix corresponding to
the ith reduced substructure. Note that, in the ith transformation,
if the ancestor set A; (or descendant set D;) is an empty set, the cor-
responding equations are not computed.

The substructural components of T, in Eq. (10) are computed as
follows:

T, =o!fori=1,2,---,n (A2a)

T, = W,T,+ Y WuTj forVieD;, j=1,2,---,n,Vke (AnD)).
k

Similarly, if the ancestor set A; (or descendant set D) is an
empty set, the corresponding equations are not computed.
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