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 A B S T R A C T

This work presents an isogeometric finite element formulation for the large-deformation, time-dependent 
response of hyperelastic thin shells within the framework of the Kirchhoff–Love hypothesis. The out-of-
plane stretch is statically condensed, such that the shell kinematics are fully described by the first and 
second fundamental forms of the mid-surface. The internal variable is considered to account for viscoelastic 
dissipation, and the backward Euler scheme is adopted for advancing the time evolution. The capability of 
the proposed formulation is demonstrated through two benchmark problems. For rubber balloon inflation, 
numerical results match the analytical solution, validating the formulation and implementation. For flat-shell 
inflation, parametric studies on the shear modulus and relaxation time reveal that viscoelastic relaxation can 
significantly alter load–deflection behavior and stress distributions under large strains. The present framework 
paves the way for employing three-dimensional constitutive equations for time-dependent, large-deformation 
analysis of thin shells within the isogeometric finite element analysis.
1. Introduction

Thin shell structures are widely encountered in engineering and 
biological systems, where they frequently undergo large, nonlinear, and 
time-dependent deformations. Examples include tires [1], airbags [2], 
thin films [3,4], air springs [5], pressure vessels [6], pneumatic ac-
tuators [7], and soft robotic grippers [8], as well as thin biological 
membranes such as those found in soft tissues [2,9–11]. The mechanical 
response of such structures is often dominated by both geometric and 
material nonlinearities, making their accurate modeling a challenging 
problem in computational mechanics.

For thin shells, the classical Kirchhoff–Love theory offers a simple 
yet robust kinematic description [12–14]. It assumes that lines initially 
normal to the mid-surface remain straight and normal after deforma-
tion, thereby neglecting transverse shear deformation [15,16]. This 
assumption leads to a pure bending–membrane formulation, where the 
mid-surface kinematics fully determine the shell configuration [17,18]. 
However, the weak form of the Kirchhoff–Love theory involves sec-
ond derivatives of the displacement field and therefore requires basis 
functions with at least global 𝐶1 continuity [13,19]. Since standard 
finite element analysis (FEA) based on Lagrange polynomials provides 
only 𝐶0 continuity, the adoption of Kirchhoff–Love formulations has 
been limited. Instead, Reissner–Mindlin models, which require only 𝐶0
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continuity, have been more widely used for thick shells [20]. Never-
theless, such models suffer from shear-locking effects when applied to 
thin shells [15,21].

Isogeometric finite element analysis (IGA) [13] overcomes the long-
standing limitations of standard finite element methods by employing 
basis functions commonly used in computer-aided design (CAD), most 
notably Non-Uniform Rational B-Splines (NURBS) [22,23]. These func-
tions inherently provide the high-order continuity required for thin 
shell formulations, making IGA particularly well suited for Kirchhoff–
Love shells. The ability to directly incorporate CAD geometries, ex-
actly represent complex shapes, and construct globally 𝐶1-conforming 
discretizations enables accurate and efficient shell modeling. Specif-
ically, IGA can evaluate 𝐶1-continuous geometrical quantities such 
as curvature directly, thus eliminating the need for specialized tech-
niques [24–26] that are otherwise necessary in standard 𝐶0 finite 
element approaches.

Since the introduction of the first geometrically nonlinear
Kirchhoff–Love shell formulation in IGA [12], numerous extensions 
have been developed, including formulations for general hyperelas-
tic materials [17] and elasto-plastic behavior [27]. A further advan-
tage of the isogeometric approach lies in its computational efficiency. 
Due to the higher-order continuity of NURBS-based discretizations, 
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Fig. 1. Schematic representation of a Kirchhoff–Love shell in the current configuration: the continuum shell body , and its mid-surface . The curvilinear 
coordinates (𝜉1, 𝜉2, 𝜉3) represent the convective coordinate system, while (𝑥1, 𝑥2, 𝑥3) denote the Cartesian coordinates of a fixed spatial point. The covariant basis 
vectors of the mid-surface are (𝐚1, 𝐚2, 𝐚3 = 𝐧), where 𝐧 is the unit normal to , and ℎ denotes the current shell thickness.
fewer elements are required to achieve a given level of accuracy, 
which reduces the overall computational cost [28–31]. Moreover, the 
purely displacement-based nature of the Kirchhoff–Love formulation 
in IGA results in symmetric positive-definite system matrices, which 
are numerically stable and efficiently solvable [30,32,33]. In contrast, 
conventional formulations involving rotational degrees of freedom 
typically require mixed methods, leading to indefinite systems that are 
less stable and necessitate more sophisticated solvers [34–36].

Time-dependent and viscoelastic behaviors have been extensively 
studied in the context of shell and membrane models. Additive decom-
position approaches have been applied to erythrocyte membranes [37], 
and three-dimensional viscoelastic formulations have been justified 
in [38]. Viscoelastic Reissner–Mindlin shell models have been de-
veloped in [39], while incompressible membrane models and quasi-
linear viscoelastic formulations have been explored in [40,41]. From 
the perspective of surface elasticity [42,43], nonlinear surface vis-
coelasticity at finite strains has been formulated in [44], with coupled 
surface–bulk models applied to simulate cell–ECM interactions [45–
47]. More recently, [48] developed an isogeometric implementation 
of the Kirchhoff–Love shell based on the Bezier extraction frame-
work, focusing primarily on computational aspects. [41] analyzed large 
deformation and time-dependent responses of thin membrane shells 
using standard finite element analysis, though out-of-plane effects were 
neglected. The extended Kirchhoff–Love formulations of [49,50] in-
corporated out-of-plane normal stress components within hyperelas-
tic models, while [17] presented general isogeometric Kirchhoff–Love 
shell formulations for compressible and incompressible hyperelastic 
materials. Furthermore, [21] proposed an isogeometric MITC shell 
formulation to alleviate shear and membrane locking within Reissner–
Mindlin kinematics. Notably, although [26] introduced a finite element 
framework using mixed formulation for viscoelastic shells, a thermo-
dynamically consistent time-dependent formulation of the Kirchhoff–
Love shell within the isogeometric framework remains absent. There-
fore, the present work addresses this gap by developing an isoge-
ometric Kirchhoff–Love shell formulation for large deformation and 
time-dependent hyper-viscoelastic behavior with a thermodynamically 
consistent derivation.

In this study, we extend the isogeometric Kirchhoff–Love shell 
formulation to capture large-strain, time-dependent responses of in-
compressible hyper-viscoelastic materials within a thermodynamically 
consistent framework. The formulation accommodates arbitrary three-
dimensional constitutive models for shell analysis, while the transverse 
normal strain is determined analytically from the plane stress condition 
along with the incompressibility constraint. This eliminates the need for 
2 
additional degrees of freedom associated with thickness stretch, thereby 
preserving the purely surface-based kinematics of Kirchhoff–Love the-
ory. To the best of our knowledge, this work presents the first nonlinear 
isogeometric Kirchhoff–Love shell formulation specifically developed 
for modeling the large-deformation and time-dependent behavior of 
hyper-viscoelastic materials.

The manuscript is organized as follows. In Section 2, we present 
a nonlinear shell theory, introducing key concepts from differential 
geometry, kinematics, and the general form of constitutive equations 
and stress resultants. In Section 3, we specialize the strain energy 
and dissipation potentials for a visco-hyperelastic Kirchhoff–Love shell 
model. Section 4 describes the isogeometric finite element implementa-
tion, including the NURBS-based surface representation, the weak form 
derivation, and the numerical solution procedure. Section 5 provides 
numerical simulations for two benchmark problems: (i) the inflation 
of a rubber balloon, used to validate the implementation against an 
analytical solution, and (ii) the inflation of a flat shell, demonstrating 
the model’s ability to capture large deformation and time-dependent 
responses. Finally, Section 6 concludes the study and outlines potential 
directions for future research.

2. A nonlinear shell theory

2.1. Geometry

Let 0 and  represent the reference and current configurations of 
a continuum body, respectively. Hereafter, quantities with a subscript 
0 denote the reference configuration, while those without the subscript 
refer to the current configuration. The mid-surface and thickness of 0
and  are denoted as (0, ℎ0) and (, ℎ), respectively (see Fig.  1).
𝐗(𝜉1, 𝜉2, 𝜉3) = 𝐑(𝜉1, 𝜉2) + 𝜉3 𝐍(𝜉1, 𝜉2) on 0 (1)

𝐱(𝜉1, 𝜉2, 𝜉3, 𝑡) = 𝐫(𝜉1, 𝜉2, 𝑡) + 𝜉3 𝐝(𝜉1, 𝜉2, 𝑡) on  (2)

Here, 𝐑 and 𝐫 are the position vectors on the mid-surfaces 0 and 
, respectively. The thickness stretch of the membrane is given by 
𝜆3 = ℎ∕ℎ0, and we introduce 𝐝 = 𝜆3𝐧, which combines the thickness 
stretch and outward normal vectors.

Two sets of reference basis vectors (𝐀𝛼 and 𝐀𝛼) are associated with 
the curvilinear coordinates 𝜉𝛼 on 0, while the current basis vectors (𝐚𝛼
and 𝐚𝛼) are defined on :

𝐀𝛼 = 𝜕𝐑
𝜕𝜉𝛼

, 𝐀𝛼 =
𝜕𝜉𝛼

𝜕𝐑
and 𝐍 ≡ 𝐀3 =

𝐀1 × 𝐀2
|𝐀1 × 𝐀2|

= 𝐀3 (3)

𝐚𝛼 = 𝜕𝐫 , 𝐚𝛼 =
𝜕𝜉𝛼 and 𝐧 ≡ 𝐚3 =

𝐚1 × 𝐚2 = 𝐚3 (4)

𝜕𝜉𝛼 𝜕𝐫 |𝐚1 × 𝐚2|
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Fig. 2. Illustration of the isogeometric analysis (IGA) mapping concept for a single NURBS patch. The shell mid-surface is represented in three spaces: (i) the 
parametric domain ̂, (ii) the initial configuration 0, and (iii) the current configuration  in the physical domain. The geometric mapping from ̂ to 0 is defined 
by the NURBS surface representation using control points, basis functions, and knot vectors. The motion of the shell is described by the mapping 𝐱 = 𝝌(𝐗) from 
0 to .
Here, 𝐀𝛼 and 𝐀𝛽 are the covariant and contravariant basis vectors in 
the reference configuration, while 𝐚𝛼 and 𝐚𝛽 are their counterparts in 
the current configuration. Note that 𝐍 and 𝐧 are the outward normal 
vectors. These basis vectors satisfy the orthogonality conditions 𝐀𝑖 ⋅
𝐀𝑗 = 𝛿𝑖𝑗 and 𝐚𝑖 ⋅ 𝐚𝑗 = 𝛿𝑖𝑗 , where 𝛿𝑖𝑗 is the Kronecker delta, with 
𝛿𝑖𝑗 = 1 for 𝑖 = 𝑗 and 𝛿𝑖𝑗 = 0 otherwise. Although covariant and 
contravariant basis vectors are not necessarily orthogonal, they remain 
linearly independent, satisfying (𝐚1 × 𝐚2) ⋅ 𝐚3 ≠ 0 to ensure they do not 
lie in a plane.

The covariant basis vectors are related to the contravariant ba-
sis vectors through the covariant metric tensors (𝐴𝑖𝑗 , 𝑎𝑖𝑗), with their 
components given by:
𝐀𝑖 = 𝐴𝑖𝑗𝐀𝑗 with 𝐴𝑖𝑗 = 𝐴𝑗𝑖 = 𝐀𝑖 ⋅ 𝐀𝑗 (5)

𝐚𝑖 = 𝑎𝑖𝑗𝐚𝑗 with 𝑎𝑖𝑗 = 𝑎𝑗𝑖 = 𝐚𝑖 ⋅ 𝐚𝑗 (6)

The curvature tensors on the mid-surfaces 0 and  are defined as [51]:
𝐵𝛼𝛽 = 𝐀𝛼, 𝛽 ⋅ 𝐍 = −𝐀𝛼 ⋅ 𝐍, 𝛽 (7)

𝑏𝛼𝛽 = 𝐚𝛼, 𝛽 ⋅ 𝐝 = −𝐚𝛼 ⋅ 𝐝, 𝛽 (8)

where (∙), 𝛽 denotes partial differentiation with respect to 𝜉 𝛽 .
The covariant basis vectors in the three-dimensional shell-space are 

expressed as:

𝐆𝛼 = 𝐗,𝛼 = 𝐀𝛼 + 𝜉3𝐍,𝛼 , 𝐆3 =
𝜕𝐗
𝜕𝜉3

= 𝐍 (9)

𝐠𝛼 = 𝐱,𝛼 = 𝐚𝛼 + 𝜉3𝐝,𝛼 , 𝐠3 =
𝜕𝐱
𝜕𝜉3

= 𝐝 (10)

Here, 𝐆𝑖 and 𝐠𝑖 denote the covariant basis vectors at an elevation 
𝜉3 from the mid-surface in the reference and current configurations, 
respectively. The components of the covariant and contravariant metric 
tensors in the shell-space are:
𝐺𝑖𝑗 = 𝐆𝑖 ⋅𝐆𝑗 and 𝐺𝑖𝑗 = 𝐆𝑖 ⋅𝐆𝑗 (11)

𝑔 = 𝐠 ⋅ 𝐠 and 𝑔𝑖𝑗 = 𝐠𝑖 ⋅ 𝐠𝑗 (12)
𝑖𝑗 𝑖 𝑗

3 
where 𝐆𝑖 and 𝐠𝑖 are the contravariant basis vectors in the reference and 
current configurations, satisfying 𝐆𝑖 ⋅𝐆𝑗 = 𝛿𝑖𝑗 , 𝐠𝑖 ⋅ 𝐠𝑗 = 𝛿𝑖𝑗 .

2.2. Kinematics

The three-dimensional deformation gradient in shell-space is then 
defined as 
𝐅 = ∇𝜒 = 𝐠𝑖 ⊗𝐆𝑖 (13)

The corresponding right Cauchy–Green deformation tensor is given by 

𝐂 = 𝐅T ⋅ 𝐅 = 𝑔𝑖𝑗𝐆𝑖 ⊗𝐆𝑗 (14)

Substituting Eqs.  (10) and (12) into Eq. (14), the right Cauchy–Green 
deformation tensor expands as
𝐂 = 𝑔𝛼𝛽𝐆𝛼 ⊗𝐆𝛽 + 𝜆23𝐆

3 ⊗𝐆3 +
[

𝐚𝛼 ⋅ 𝐝 + 𝜉3𝐝,𝛼 ⋅ 𝐝
]

𝐆𝛼 ⊗𝐆3

+
[

𝐚𝛽 ⋅ 𝐝 + 𝜉3𝐝,𝛽 ⋅ 𝐝
]

𝐆3 ⊗𝐆𝛽 (15)

where the term 𝐚𝛼 ⋅ 𝐝 = 0 since 𝐚𝛼 is always orthogonal to 𝐧. The term 
𝜉3𝐝,𝛼 ⋅ 𝐝 is negligible as the thickness stretch variation is minimal for a 
thin shell. Thus, the right Cauchy–Green deformation tensor simplifies 
to 
𝐂 ≈ 𝑔𝛼𝛽𝐆𝛼 ⊗𝐆𝛽 + 𝜆23𝐆

3 ⊗𝐆3 (16)

Similarly, by neglecting thickness stretch differentiation, the covariant 
and contravariant metric tensors reduce to
𝐺𝛼𝛽 ≈ 𝐴𝛼𝛽 − 2𝜉3𝐵𝛼𝛽 (17)

𝑔𝛼𝛽 ≈ 𝑎𝛼𝛽 − 2𝜉3𝑏𝛼𝛽 (18)

The Green–Lagrange strain tensor is then expressed as 

𝐄 = 1 (𝐂 − 𝐈) =
(

𝜀 + 𝜅 𝜉3
)

𝐆𝛼 ⊗𝐆𝛽 + 1 (

𝜆2 − 1
)

𝐆3 ⊗𝐆3 (19)

2 𝛼𝛽 𝛼𝛽 2 3
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where the mid-surface strain and curvature tensors were defined as

𝜀𝛼𝛽 = 1
2
(

𝑎𝛼𝛽 − 𝐴𝛼𝛽
)

(20)

𝜅𝛼𝛽 = −𝑏𝛼𝛽 + 𝐵𝛼𝛽 (21)

corresponding to stretching and bending strains, respectively. The iden-
tity tensor on the referential mid-surface is given by 𝐈 = 𝐺𝛼𝛽𝐆𝛼 ⊗𝐆𝛽 +
𝐆3 ⊗𝐆3. The components of the right Cauchy–Green deformation and 
Green–Lagrange strain tensors are denoted as 𝐶𝑖𝑗 and 𝐸𝑖𝑗 , respectively. 
The in-plane strains on the mid-surface of shell continuum can be 
expressed by 

𝐸𝛼𝛽 = 𝜀𝛼𝛽 + 𝜉3𝜅𝛼𝛽 (22)

where the transverse shear strains vanish (𝐸𝛼3 = 0), while the trans-
verse normal strain does not (𝐸33 ≠ 0). Note that 𝐸33 represents the 
thickness deformation, which is determined analytically by enforcing 
the plane-stress condition and the incompressibility constraint (𝐽 = 1). 
The plane-stress condition implies that the out-of-plane component of 
the first Piola–Kirchhoff stress tensor vanishes (𝑃 33 = 0). The hydro-
static pressure 𝑝 is subsequently derived from these two constraints in 
Section 3.2

For later use, the deformation gradient 𝐅 is decomposed multiplica-
tively into volumetric and isochoric parts: 

𝐅 = 𝐅𝑣 ⋅ 𝐅, where 𝐅𝑣 = 𝐽 1∕3𝐈, 𝐅 = 𝐽−1∕3𝐅 (23)

where 𝐅𝑣 is the volumetric part and 𝐅 is the isochoric part of 𝐅. This 
leads to the multiplicative decomposition of the right Cauchy–Green 
tensor: 

𝐂 = 𝐂𝑣 ⋅ 𝐂, where 𝐂𝑣 = 𝐽 2∕3𝐈, 𝐂 = 𝐅
T
⋅ 𝐅 (24)

where 𝐂𝑣 and 𝐂 represent the volumetric and isochoric components of 
𝐂, respectively. Note that the trace and determinant of 𝐂 are obtained 
by

tr 𝐂 = 𝑔𝛼𝛽𝐺
𝛼𝛽 + 𝜆23𝐺

33 (25)

det 𝐂 =
|𝑔𝛼𝛽 |𝜆23
|𝐺𝛼𝛽 |

= 𝐽 2
0 𝜆

2
3 (26)

where 𝐽0 is the in-plane Jacobian determinant, which is related to the 
Jacobian determinant 𝐽 = det (𝐅) by 

𝐽 = 𝐽0𝜆3 (27)

The invariants of the deformation tensor and their relation to the 
principal stretches are given by

𝐼1 = tr 𝐂 = 𝜆21 + 𝜆22 + 𝜆23 (28)

𝐼1 = tr 𝐂 = 𝐽−2∕3𝐼1 (29)

Note that 𝜆3 =
√

𝐶33 is the thickness stretch in Kirchhoff–Love shell 
model. Lastly, we introduce an internal (or state) variable. 

 with 𝑖𝑗 = 𝑗𝑖 ∀𝑖, 𝑗 (30)

where  is a second-order symmetric structural tensor that quantifies 
the relaxation viscoelastic contribution.

2.3. Constitutive relations

We consider the strain energy density 𝛹 , assuming that it depends 
on the deformation and on viscous dissipation processes [52]: 

𝛹 (𝐮,) (31)

where  denotes the internal variable (a second-order tensor) intro-
duced to capture the dissipation associated with viscoelastic deforma-
tion. For a system containing a viscoelastic network, the rate of change 
4 
of the total strain energy  must account for several effects [46,52,53], 
and can be expressed as 

̇ = ∫𝑉
𝛹̇ d𝑉 − ∫𝑉

𝐁 ⋅ 𝒙̇ d𝑉 − ∫𝑆
𝐓 ⋅ 𝒙̇ d𝑆 (32)

where the second and third terms represent the rates of mechanical 
work by the body force 𝐁 and the traction vector 𝐓, respectively. The 
overdot denotes a material time derivative.

In the following, we adopt the second Piola–Kirchhoff stress tensor 
𝐒 = 𝑆 𝑖𝑗𝐆𝑖 ⊗ 𝐆𝑗 , related to the first Piola–Kirchhoff stress tensor 𝐏 by 
𝐒 = 𝐅−1𝐏 via a pull-back operation. While 𝐒 lacks a direct physical 
interpretation in terms of surface tractions, it is symmetric and parame-
terized with respect to the material coordinates, which is advantageous 
for finite element implementation [52]. Rewriting Eq. (32) in terms of 
stresses and strains [2,12,17], we have 

̇ = ∫𝑉
𝛹̇ d𝑉 − ∫𝑉

𝐒 ∶ 𝐄̇ d𝑉 ≤ 0 (33)

where the symbol { ∶ } denotes the double contraction.
Applying the chain rule, the rate of change of the strain energy 

density is 

𝛹̇ = 𝜕𝛹
𝜕𝐄

∶ 𝐄̇ + 𝜕𝛹
𝜕

∶ ̇ (34)

Substituting Eq. (34) into Eq. (33) and rearranging terms, we obtain 

̇ = ∫𝑉

( 𝜕𝛹
𝜕𝐄

− 𝐒
)

∶ 𝐄̇ d𝑉 + ∫𝑉
𝜕𝛹
𝜕

∶ ̇ d𝑉 ≤ 0 (35)

From thermodynamic considerations, the strain energy of the sys-
tem cannot increase, i.e., ̇ ≤ 0. Each integral in Eq. (35) corre-
sponds to a distinct dissipation mechanism: the first term is asso-
ciated with mechanical equilibrium, while the second accounts for 
non-equilibrium processes such as viscous deformation. The inequality 
must hold pointwise in space and time.

According to the Coleman–Noll procedure [52], each integrand 
in Eq. (35) must therefore be non-positive. Following the seminal 
works of Coleman and Noll [52,54], the thermodynamically consistent 
constitutive relations can be expressed as 

𝐒 =
𝜕𝛹 (𝐮,)

𝜕𝐄
= 2

𝜕𝛹 (𝐮,)
𝜕𝐂

,
𝜕𝛹 (𝐮,)

𝜕
∶ ̇ ≤ 0 (36)

where the first relation defines the second Piola–Kirchhoff stress tensor 
in terms of the strain energy potential, and the second relation rep-
resents the dissipation inequality associated with the evolution of the 
internal variable .

2.4. Stress resultants

The Kirchhoff–Love shell formulation considers a three-dimensional 
solid as a two-dimensional midsurface with an associated thickness. Ac-
cordingly, the internal forces are obtained as stress resultants through-
thickness integration of the Piola–Kirchhoff stress components. These 
stress resultants decompose into the membrane force 𝑛𝛼𝛽 and the 
bending moment 𝑚𝛼𝛽 , expressed as 

𝑛𝛼𝛽 = ∫

ℎ0∕2

−ℎ0∕2
𝑆𝛼𝛽𝐽0 d𝜉3 and 𝑚𝛼𝛽 = ∫

ℎ0∕2

−ℎ0∕2
𝑆𝛼𝛽𝐽0𝜉

3 d𝜉3 (37)

where 𝑛𝛼𝛽 and 𝑚𝛼𝛽 denote the membrane forces and bending moments, 
respectively. This stress-resultant approach is particularly suitable for 
isogeometric Kirchhoff–Love shells, since the 𝐶1-continuity of spline 
basis functions naturally ensures accuracy for bending-dominated prob-
lems [17,21,27].

3. Specific models

3.1. Strain energy density

The total strain energy is additively decomposed into equilibrium 
and non-equilibrium parts, written as 
𝛹 (𝐮,) = 𝛹 (𝐮) + 𝛹 (𝐮,) (38)
𝑒𝑞 𝑛𝑒𝑞
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where 𝛹𝑒𝑞 and 𝛹𝑛𝑒𝑞 represent the equilibrium and non-equilibrium 
contributions, respectively.

For the equilibrium term 𝛹𝑒𝑞 , we adopt a neo-Hookean hyperelastic 
model to describe the elastic response [46,52]: 

𝛹𝑒𝑞 = 𝛹𝑒𝑙 + 𝑝ℎ (𝐽 − 1) , 𝛹𝑒𝑙 =
𝜇𝑒
2

(

𝐼1 − 3
)

(39)

where 𝛹𝑒𝑙 is the purely elastic energy, 𝜇𝑒 is the equilibrium shear 
modulus, and 𝑝ℎ is a Lagrange multiplier enforcing incompressibility, 
which can be identified with the hydrostatic pressure [52].

For the non-equilibrium contribution 𝛹𝑛𝑒𝑞 , we adopt a finite vis-
coelastic model [55], which enables the formulation to capture the 
time-dependent viscoelastic behavior of the material: 

𝛹𝑛𝑒𝑞 =
𝜇𝑣
2

[

 ∶ 𝐂 − 3 − ln (det)
]

(40)

Here 𝜇𝑣 represents the non-equilibrium shear modulus. It is important 
to note that the non-equilibrium strain energy density 𝛹𝑛𝑒𝑞 depends 
on the isochoric right Cauchy–Green deformation tensor 𝐂 and the 
internal variables . The isochoric part of the deformation thus governs 
the time-dependent relaxation behavior, while the volumetric response 
remains purely elastic [55].

3.2. Hydrostatic pressure

By substituting Eqs. (38) and (39) into Eq. (36), the stress tensor 𝐒
can be expressed as 

𝐒 = 𝐒̂ − 𝑝ℎ𝐂−1 with 𝐒̂ = 2
(

𝜕𝛹𝑒𝑙
𝜕𝐂

+
𝜕𝛹𝑛𝑒𝑞

𝜕𝐂

)

(41)

where the derivatives of the strain energy functions are given by 
𝜕𝛹𝑒𝑙
𝜕𝐂

=
𝜇𝑒
2
𝐈,

𝜕𝛹𝑛𝑒𝑞

𝜕𝐂
=

𝜇𝑣
2
𝐽−2∕3 (42)

The plane-stress condition, 𝑆33 = 0, yields the following expression for 
the hydrostatic pressure 𝑝ℎ: 
𝑆33 = 𝜇𝑒 + 𝜇𝑣𝐽

−2∕333 − 𝑝ℎ𝐶
33 = 0 ⇒ 𝑝ℎ = 𝜆23

(

𝜇𝑒 + 𝜇𝑣𝐽
−2∕333

)

(43)

where the relations 𝐶33𝐶33 = 1 and 3333 = 1 have been used. Here, 
𝜆3 denotes the thickness stretch, and 𝜆𝑖 =

√

𝐶𝑖𝑖. The incompressibility 
condition 𝜆1𝜆2𝜆3 = 1 indicates that the in-plane stretches 𝜆1 and 𝜆2 of 
the shell mid-surface uniquely determine the thickness stretch 𝜆3.

3.3. Evolution equation

The visco-relaxation internal variables  evolve according to [55]: 

̇ = 1
𝜏

(

𝐂
−1

−
)

(44)

where the superposed dot denotes the material time derivative, and 𝜏
is the relaxation time. When 𝐂−1 = , the system reaches equilibrium, 
indicating complete stress relaxation. Importantly, this evolution law 
inherently satisfies the dissipation inequality [55,56]. For time integra-
tion, we employ a backward Euler discretization of Eq. (44), leading to 
the following update rule for the internal variable : 

𝑡+𝛥𝑡 =
(

1 + 𝛥𝑡
𝜏

)−1 (
𝑡 +

𝛥𝑡
𝜏

𝐂
−1)

(45)

where the subscripts 𝑡+ 𝛥𝑡 and 𝑡 refer to the current and previous time 
steps, respectively.

4. Isogeometric finite element analysis

This section presents the isogeometric finite element formulation, 
implemented in FEniCS and based on the nonlinear theory described in 
Sections 2 and 3 [57,58]. For isogeometric discretization, we employ 
tIGAr library [59], which provides a direct interface between NURBS-
based geometry and standard finite element solvers. The procedure 
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begins with the NURBS surface representation and the strong form of 
the governing equations, followed by derivation of the weak form and 
discretization. Here, we specifically investigate the time-dependent vis-
coelastic response under large deformations, neglecting external forces, 
i.e., 𝐁 = 0 and 𝐓 = 0.

4.1. NURBS surface

Non-Uniform Rational B-Splines (NURBS) are a standard tool for 
modeling curves and surfaces in computer-aided design (CAD) sys-
tems [22,23,60]. B-Splines are piecewise polynomial curves defined 
as linear combinations of B-Spline basis functions. A knot vector 𝜩
is a non-decreasing sequence of real numbers that parameterizes the 
B-Spline space: 
𝜩 = {𝜉1, 𝜉2,… , 𝜉𝑛+𝑝+1} (46)

where 𝑝 denotes the polynomial degree of the basis functions and 𝑛
is the number of basis functions (also equal to the number of control 
points). Given a knot vector 𝜩, the B-Spline basis functions are defined 
recursively:

𝑁 𝑖,𝑝(𝜉) =

{

1 if 𝜉𝑖 < 𝜉 < 𝜉𝑖+1
0 otherwise

(47)

𝑁 𝑖,𝑝(𝜉) =
𝜉 − 𝜉𝑖

𝜉𝑖+𝑝 − 𝜉𝑖
𝑁𝑖,𝑝−1(𝜉) +

𝜉𝑖+𝑝+1 − 𝜉
𝜉𝑖+𝑝+1 − 𝜉𝑖+1

𝑁𝑖+1,𝑝−1(𝜉) (48)

where 𝑁 𝑖,𝑝(𝜉) is the B-Spline basis functions of degree 𝑝 for 𝑖 = 1, 2,… , 𝑛
(see Fig.  3).

A 3D NURBS surface (𝜉1, 𝜉2), parameterized by the curvilinear 
coordinates (𝜉1, 𝜉2), is employed to model the shell mid-surface. We 
denote the physical domain (i.e., the 3D shell mid-surface) by , and 
the parametric domain by ̂, where the latter is a two-dimensional 
rectangle (see Fig.  2). The geometrical mapping 𝐱 ∶ ̂ ⊂ R2 →  ⊂ R3

takes material points from the parametric domain and maps them to 
the corresponding points in the physical domain.

Given the knot vectors 𝜩1 = {𝜉11 ,… , 𝜉1𝑛+𝑝+1} and 𝜩2 = {𝜉21 ,… ,
𝜉2𝑚+𝑞+1}, the shell mid-surface is constructed using a tensor-product 
approach [13,22]: 

(𝜉1, 𝜉2) =
𝑛
∑

𝑖=1

𝑚
∑

𝑗=1
𝑁 𝑖,𝑝(𝜉1)𝑁 𝑗,𝑞(𝜉2) 𝐱̃𝑖𝑗 (49)

where 𝑁 𝑖,𝑝(𝜉1) and 𝑁 𝑗,𝑞(𝜉2) are B-Spline basis functions of degree 𝑝 and 
𝑞 in the 𝜉1 and 𝜉2 directions, respectively, and 𝐱̃𝑖𝑗 are the 3D control 
points.

The set of control points 𝐱̃𝑖𝑗 defines the control mesh, while the 
domain [𝜉11 , 𝜉1𝑛+𝑝+1] × [𝜉21 , 𝜉

2
𝑚+𝑞+1] is referred to as a patch, with each 

non-zero knot span defining an element [13]. Since the control points 
do not generally lie on the mid-surface of the shell, the superimposed 
tilde ( ∙̃ ) is used to distinguish quantities defined on the control mesh 
from those associated with the physical shell mid-surface (see Fig.  4).

Using standard finite element notation, a single index 𝐴 can be 
introduced to map the tensor-product indices (𝑖, 𝑗): 

(𝜉1, 𝜉2) =
𝑛𝑐𝑝
∑

𝐴=1
𝑁𝐴(𝜉1, 𝜉2) 𝐱̃𝐴, (𝑛𝑐𝑝 = 𝑛 × 𝑚) (50)

where 𝑁𝐴(𝜉1, 𝜉2) = 𝑁 𝑖,𝑝(𝜉1)𝑁 𝑗,𝑞(𝜉2) denotes the B-Spline shape func-
tion associated with control point 𝐴, and 𝑛𝑐𝑝 is the total number of 
control points.

A NURBS surface is obtained by introducing a weight 𝑤𝐴 for each 
control point ̃𝐱𝐴: 

(𝜉1, 𝜉2) =
∑𝑛𝑐𝑝

𝐴=1 𝑁𝐴(𝜉1, 𝜉2)𝑤𝐴 𝐱̃𝐴
∑𝑛𝑐𝑝

𝐴=1 𝑁𝐴(𝜉1, 𝜉2)𝑤𝐴

=
𝑛𝑐𝑝
∑

𝐴=1
𝑁𝐴(𝜉1, 𝜉2) 𝐱̃𝐴 (51)

where 𝑁𝐴(𝜉1, 𝜉2) are the NURBS basis functions. The weights 𝑤𝐴 are 
prescribed by the CAD geometry and are not treated as variables in the 
finite element analysis.
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Fig. 3. B-Spline basis functions for polynomial degrees 𝑝 = 1 and 𝑝 = 2 with 𝑛 = 6 control points, constructed using the open knot vector 𝜩 =
[0, 0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.0]. (a) For 𝑝 = 1, the basis functions are piecewise linear with 𝐶0 continuity at internal knots, corresponding to standard piecewise 
linear finite element shape functions, whereas (b) for 𝑝 = 2, they are quadratic with 𝐶1 continuity at internal knots, corresponding to the basis functions used in 
isogeometric finite element analysis (IGA).
Fig. 4. NURBS surface representation with curvilinear coordinates (𝜉1, 𝜉2, 𝜉3). 
The red dots denote the control points, the black dashed lines form the control 
mesh, and the gray surface represents the resulting NURBS surface constructed 
from the control points, basis functions, and knot vectors.

Remark 1 (Relationship Between NURBS and B-Splines). When all
weights are equal, NURBS surfaces reduce to their B-Spline counter-
parts. This follows directly from the partition of unity property and the 
definition of NURBS basis functions [22]. In this work, we denote the 
basis functions by 𝑁𝐴(𝜉1, 𝜉2), irrespective of whether they are rational 
(NURBS) or non-rational (B-Splines). Hence, the term ‘‘NURBS’’ is used 
in a generalized sense to also encompass B-Spline formulations.

4.2. Weak form

The weak form of the problem is obtained by introducing a set of 
test functions that satisfy the necessary integrability conditions [14]. 
Applying the principle of virtual work yields the governing equations 
for the nonlinear thin shell (Kirchhoff–Love shell) theory, which can be 
written as 
𝛿(𝐮, 𝛿𝐮) = 𝛿𝑖𝑛𝑡 − 𝛿𝑒𝑥𝑡 = 0 ∀ 𝛿𝐮 ∈  (52)

where the quasi-static internal and external virtual work are defined as

𝛿𝑖𝑛𝑡 = ∫0

(

𝐧 ∶ 𝛿𝜺 +𝐦 ∶ 𝛿𝜿
)

d0 (53)

𝛿𝑒𝑥𝑡 = ∫0
𝐟 ⋅ 𝛿𝐮 d0 (54)

with 𝐟 denoting the external load on the shell mid-surface, 𝛿𝐮 the virtual 
displacement, and 𝛿𝜺 and 𝛿𝜿 the corresponding virtual membrane strain 
and change in curvature, respectively. Here, 0 represents the shell 
mid-surface in the reference (undeformed) configuration, and d =
0

6 
√

|𝐴𝛼𝛽 | d𝜉1 d𝜉2 is the associated surface element. It is important to note 
that this formulation assumes the differential volume element can be 
approximated by d𝑉0 ≈ ℎ0 d0, an approximation valid for thin shells.

The weak form can be stated as follows: find the trial function 
𝐮 ∈  such that Eq. (52) holds for all admissible test functions 𝛿𝐮 ∈  . 
The sets of admissible trial (solution) and test (variation) functions are 
defined as
 = {𝐮 |𝐮 ∈ 𝐻2, 𝐮 = 𝐮̌ on 𝛤𝑢}, (55)

 = {𝛿𝐮 | 𝛿𝐮 ∈ 𝐻2, 𝛿𝐮 = 0 on 𝛤𝑢}, (56)

where 𝐮̌ denotes the prescribed displacement values on the Dirichlet 
boundary 𝛤𝑢, and 𝐻2 is the Sobolev space of order two. The use of 𝐻2 is 
necessary to guarantee that both the first and second derivatives of the 
displacement field are square-integrable. This requirement arises from 
the Kirchhoff–Love shell formulation, which demands 1-continuity of 
the displacement field.

4.3. Finite element formulation

The displacement field of the Kirchhoff–Love shell is interpolated 
using NURBS basis functions in Voigt notation as [13,61]: 

𝐮 =
𝑛𝑐𝑝
∑

𝐴=1
𝑁𝐴 𝐮𝐴, (57)

where 𝑁𝐴 denotes the NURBS basis function defined on the physical 
domain, 𝑛𝑐𝑝 is the number of control points, and 𝐮𝐴 is the displacement 
vector associated with the 𝐴th control point. Each vector 𝐮𝐴 contains 
three Cartesian components 𝑢𝑖𝐴, resulting in a total of 3𝑛𝑐𝑝 degrees of 
freedom. The global degree-of-freedom index is defined as 𝑟 = 3(𝐴 −
1) + 𝑖 ∈ [1, 3𝑛𝑐𝑝], such that 𝑢𝑟 = 𝑢𝑖𝐴.

The derivative of 𝐮 with respect to the 𝑟th degree of freedom is given 
by [2,16,17,62]: 

𝛿𝑟𝐮 = 𝜕𝐮
𝜕𝑢𝑟

= 𝑁𝐴𝐞𝑖, (58)

where 𝐞𝑖 (𝑖 = 1, 2, 3) are the orthonormal basis vectors. Similarly, the 
derivatives of the strain components 𝜀𝛼𝛽 and 𝜅𝛼𝛽 with respect to 𝑢𝑟 are 
expressed as [2,17]:
𝛿𝑟𝜀𝛼𝛽 = 1

2

(

𝛿𝑟𝐚𝛼 ⋅ 𝐚𝛽 + 𝐚𝛼 ⋅ 𝛿𝑟𝐚𝛽
)

, (59)

𝛿𝑟𝜅𝛼𝛽 = −𝜆3
(

𝛿𝑟𝐚𝛼, 𝛽 ⋅ 𝐚3 + 𝐚𝛼, 𝛽 ⋅ 𝛿𝑟𝐚3
)

− 𝛿𝑟𝜆3
(

𝐚𝛼, 𝛽 ⋅ 𝐚3
)

, (60)

where 𝐚𝛼 are the covariant base vectors of the surface, 𝐚3 is the unit 
normal, and 𝜆3 is the thickness stretch.

The derivatives of the internal and external virtual work with 
respect to the 𝑟th degree of freedom are given by

𝛿𝑟𝑖𝑛𝑡 =
(

𝐧 ∶ 𝛿𝑟𝜺 +𝐦 ∶ 𝛿𝑟𝜿
)

d0 (61)
∫0
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Fig. 5. Numerical simulation of the inflation of a spherical incompressible rubber balloon [64]: (a) control points (red dots), control mesh (black dashed lines), 
and the corresponding NURBS representation of the hemisphere (blue surface); and (b) the isogeometric finite element simulation of the inflation process. The 
edge boundary is subjected to a roller boundary condition, and one point at the bottom is fixed to prevent rigid-body motion. The simulation is carried out up 
to the snap-through limit, occurring at a circumferential stretch of 𝜆 = 1.38.
𝛿𝑟𝑒𝑥𝑡 = ∫0
𝐟 ⋅ 𝛿𝑟𝐮 d0 (62)

The global residual vector 𝐑 of size 3𝑛𝑐𝑝 is defined as 

𝐑 = 𝐅𝑖𝑛𝑡 − 𝐅𝑒𝑥𝑡 (63)

where 𝐅𝑖𝑛𝑡 and 𝐅𝑒𝑥𝑡 are the global force vectors whose 𝑟th components 
are 𝛿𝑟𝑖𝑛𝑡 and 𝛿𝑟𝑒𝑥𝑡, respectively. The system is in equilibrium when 
the residual satisfies 𝐑𝑟 = 0.

For the linearization of Eq. (63), the consistent tangent stiffness 
matrix 𝐊 of size 3𝑛𝑐𝑝 × 3𝑛𝑐𝑝 is computed as 

𝐾𝑟𝑠 = 𝛿𝑟𝛿𝑠𝑖𝑛𝑡 − 𝛿𝑟𝛿𝑠𝑒𝑥𝑡, (64)

where 𝐾𝑟𝑠 denotes the (𝑟, 𝑠) entry of 𝐊. The resulting linearized sys-
tem is solved for the incremental displacement vector 𝛥𝐮 using a 
Newton–Raphson procedure [17]: 
𝐮𝑖+1 = 𝐮𝑖 −𝐊−1

𝑖 𝐑𝑖, (65)

where 𝑖 and 𝑖 + 1 denote the current and next Newton iterations, 
respectively. The problem is solved incrementally using the Newton–
Raphson method, implemented in FEniCS (version 2019.2.0) [57,58] 
with tIGAr [59], interfaced through PETSc/SNES nonlinear solvers
[63]. The iterative process is continued until the convergence criterion 
is satisfied, defined by the 𝐿2 norm of the residual vector falling below 
0.1% of its initial value.

5. Numerical examples

In this section, we present two numerical examples to evaluate the 
accuracy, robustness, and applicability of the proposed isogeometric 
Kirchhoff–Love shell formulation for large deformation problems. The 
first example considers the inflation of a thin spherical balloon, a 
classical benchmark in computational solid mechanics with a known 
analytical solution. This test serves to validate the formulation against 
an established reference. The second example examines the inflation of 
a flat square shell, highlighting the method’s capability to capture large 
deformations as well as the time-dependent response of viscoelastic 
materials.

5.1. Inflation of a thin balloon

We first consider the inflation of an incompressible hemispherical 
rubber balloon with radius 𝑅0 = 10.0, thickness ℎ0 = 0.1, and shear 
modulus 𝜇 = 4.225 × 105 N∕m2, following the benchmark problem 
in [64]. As both the theoretical derivation and numerical simulation 
are performed in a non-dimensional setting, units for 𝑅0 and ℎ0 are 
omitted. The hemisphere is represented exactly by a single NURBS 
7 
patch; the control points, control mesh, and resulting surface are shown 
in Fig.  5(a). A roller boundary condition is applied along the edge, and 
one point at the bottom is fixed to eliminate rigid-body motion. The 
balloon is then pressurized internally until the onset of snap-through 
instability.

The material response is modeled using an incompressible hypere-
lastic constitutive law, while viscoelastic effects are neglected in Fig.  6 
to allow direct comparison with the analytical solution. The inflation 
process is simulated with the proposed isogeometric Kirchhoff–Love 
shell formulation, where the internal pressure is linearly increased over 
100 s, as shown in Fig.  6(a). The resulting internal pressure–stretch 
response, presented in Fig.  6(b), shows excellent agreement with the 
analytical prediction up to the snap-through point, which occurs at a 
circumferential stretch of 𝜆 = 1.38.

To further examine the viscoelastic extension of the formulation, ad-
ditional simulations are performed by incorporating a non-equilibrium 
shear response. Fig.  7 depicts the time evolution of the non-equilibrium 
strain energy: Fig.  7(a) shows the effect of varying characteristic time 
scales, while Fig.  7(b) illustrates the influence of different ratios of 
elastic to viscoelastic shear moduli. In Fig.  7(a), we observe that 
increasing the characteristic time scale leads to a delayed peak in the 
non-equilibrium strain energy, accompanied by an increase in its mag-
nitude. In Fig.  7(b), increasing the viscoelastic shear modulus results in 
a higher peak of non-equilibrium strain energy, while the time at which 
the peak occurs remains unchanged.

5.2. Inflation of a flat shell

As a second numerical example, we investigate the inflation of a flat 
square shell with clamped boundaries, designed to assess the ability of 
the formulation to capture large out-of-plane deformations in initially 
flat geometries. The shell has an edge length of 𝑅0 = 10.0, thickness 
ℎ0 = 0.1, and shear modulus 𝜇 = 4.225 × 105,N∕m2, consistent with 
the parameters used in the spherical balloon example. All simulations 
are performed in non-dimensional form, with 𝑅0 and ℎ0 omitted. The 
initial and deformed configurations, together with contour plots of the 
displacement magnitude, are shown in Fig.  8, demonstrating significant 
geometric nonlinearities at peak inflation.

The results are summarized in Fig.  9. Fig.  9(a) presents the nor-
malized internal pressure–deflection curves for different shear modulus 
ratios. As the viscoelastic shear modulus decreases, the maximum 
deflection increases, reflecting a softer effective structural response. 
Fig.  9(b) shows the stress magnitude at the shell center as a function 
of the relaxation time on a logarithmic scale; larger relaxation times 
lead to greater peak stresses due to slower stress dissipation. These 
findings highlight the sensitivity of the inflation response to both 
the elastic–viscoelastic shear modulus ratio and the relaxation time, 
underscoring the robustness of the proposed formulation for strongly 
coupled geometric and material nonlinearities.
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Fig. 6. Comparison between analytical and numerical results for the inflation of a spherical incompressible rubber balloon [52]: (a) time histories of internal 
pressure 𝑝𝑖 (left vertical axis) and circumferential stretch 𝜆 (right vertical axis) over 𝑡 ∈ [0, 100], and (b) internal pressure 𝑝𝑖 versus circumferential stretch 𝜆
comparing analytical and numerical solutions. All quantities are normalized for comparison. The numerical results are obtained using the proposed isogeometric 
Kirchhoff–Love shell formulation, neglecting viscoelastic effects to enable direct validation against the analytical solution. Excellent agreement is observed up to 
the snap-through limit (approximately 𝜆 = 1.38).
Fig. 7. Time histories from the numerical simulation of the inflation of a spherical incompressible rubber balloon: (a) non-equilibrium strain energy versus time 
for various characteristic time scales, and (b) non-equilibrium strain energy versus time for various ratios of shear moduli between the elastic and viscoelastic 
components.
Fig. 8. Inflated square shell with contour plots of the displacement magnitude: (a) initial configuration, and (b) deformed configuration at maximum inflation.
6. Conclusion

In this study, we developed a visco-hyperelastic Kirchhoff–Love 
shell formulation for large-deformation, time-dependent response. The 
shell kinematics are formulated in a local curvilinear coordinate system 
on the mid-surface, decoupling the motion of the mid-surface from 
the rotation of the director (outward normal) vectors. We emphasize 
the advantages of the IGA over the standard FEA. In a standard FEA, 
the mid-surface is discretized by 3-node or 4-node elements; director 
vectors are defined at the nodes and assumed perpendicular to planar 
facets, which introduces inevitable geometric approximation errors. 
By contrast, the shell mid-surface in the IGA requires no geometric 
faceting and remains geometrically exact, allowing direct evaluation 
of 𝐶1-dependent quantities such as curvature. This enhances geometric 
8 
fidelity and provides new insights into the role of visco-hyperelasticity 
in large-deformation, time-dependent shell responses. For the large-
deformation viscoelastic formulation, we introduced additional internal 
(state) variables to account for dissipation, where the time-dependent 
response were obtained using a backward Euler scheme. In the first 
numerical example, the simulation results exactly matched the ana-
lytical solution for balloon inflation, validating the implementation; 
and then in the second example, we investigated parameter effects 
on large-deformation and viscoelastic responses of a flat shell and 
observed that viscoelastic relaxation can produce noticeable different 
deformation histories compared with purely elastic behavior. Future 
work will extend this formulation to applications in biological mate-
rials, such as cerebral aneurysms — their inflation and instability — 
thereby supporting the digital health-care of clinical decision-making 
and patient-specific treatment.
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Fig. 9. Numerical results for the inflation of a square viscoelastic shell: (a) normalized internal pressure 𝑝𝑖 versus normalized deflection for different ratios of 
elastic to viscoelastic shear moduli, and (b) stress magnitude at the shell center for various characteristic time scales, plotted on a logarithmic scale.
Fig. A.1. Convergence study for the benchmark problem of the Scordelis–Lo roof. (a) Representative vertical deflection field for 𝑚 = 128, where 𝑚 denotes the 
number of elements per side. (b) Convergence of the vertical deflection and relative error at the mid-side point of the straight edge (PoI).
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Appendix. Convergence study for Scordelis–Lo roof

We consider the Scordelis–Lo roof problem as a classical benchmark 
originally proposed by [65] and later analyzed using isogeometric 
Kirchhoff–Love shell formulations in [16,66]. The problem consists of 
a cylindrical shell subjected to self-weight loading, with the quantity 
of interest being the vertical displacement at the mid-side of one of the 
straight boundaries (see Fig.  A.1(a), Point of Interest (PoI)). A complete 
description of the problem setup can be found in [16,65,66]. Briefly, 
the model consists of an 80◦ cylindrical surface with a length 𝐿 = 50, 
radius 𝑅 = 25, and thickness 𝑡 = 0.25. The material properties are 
defined by an elastic modulus 𝐸 = 4.32×108 and Poisson’s ratio 𝜈 = 0.0. 
A uniform gravity load of magnitude 90.0 is applied in the negative 
(downward) vertical direction.

We compare the vertical deflection 𝑣𝑚 computed at the point of 
interest with the reference solution 𝑣ref = 0.3006, using several dis-
cretizations with the number of elements 𝑚 = 4, 8, 16, 32, 64, 128 per 
side, while keeping the polynomial degree fixed at 𝑝 = 2. A represen-
tative displacement field for 𝑚 = 128 is shown in Fig.  A.1(a), and the 
convergence of the vertical deflection and relative error is presented 
in Fig.  A.1(b). The numerical results exhibit excellent convergence 
toward the reference solution, providing the additional verification of 
the proposed framework.

Data availability

Data will be made available on request.
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