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In this study, we improve the performance of the enhanced Craig-Bampton (ECB) method. The improved
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Unlike for the original method, the residual substructural modes are compensated only for the reduced
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time significantly. In addition, for effective implementation and computer memory management, we give
a computer-aided formulation of the reduced mass, stiffness, and transformation matrices. Several large
structural FE models are used to illustrate the significantly improved solution accuracy and computa-
tional efficiency of the improved method.
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1. Introduction

Over the last half-century, component mode synthesis (CMS)
[1-18] has frequently been employed in structural dynamics as
an efficient and powerful tool to analyze the dynamic response
of large finite element (FE) models with small computational effort.
The primary concept of CMS is substructuring, and because of this,
CMS is often called a dynamic substructuring method [19-21]. The
first CMS method was proposed by Hurty in 1965 [1], and shortly
thereafter, the Craig-Bampton (CB) method [2] was developed, and
is the most popular CMS method at present. Later, various CMS
methods were developed based on the CB method, and have been
applied in many engineering fields [22-25].

In the CB method [2], using substructural eigenvalue problems,
the substructural normal modes are computed, and those are clas-
sified into dominant and residual substructural modes using mode
selection methods [22,26-28]. Then, the constraint modes are
computed to define the static deformation between the substruc-
tures and the interface boundary [2]. Finally, a reduced model is
constructed by synthesizing the dominant substructural modes, a
very small portion of the total substructural modes, and the
constraint modes.

In general, the error between the global (original) and reduced
models is caused by the residual substructural modes that are
neglected. Based on this fact, the residual substructural modes
can be regarded as a crucial ingredient for improving the solution
accuracy of the reduced model. Recently, using the residual
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flexibility matrix to compensate for the residual substructural
modes, the enhanced Craig-Bampton (ECB) method [29,30] was
developed. The ECB method results in a greatly improved reduced
model in aspect of the solution accuracy.

However, the ECB method has limitations for solving large FE
models involving more than hundreds of thousands of degrees of
freedom (DOFs). In the ECB method, the substructuring is accom-
plished by using the physical domain-based substructuring consid-
ering the geometrical characteristics of the structure. Therefore, it
is not easy to make a large number of substructures. In such cases,
each substructure may contain relatively large DOFs and thus the
computation time for calculating the constraint modes, which
requires the computation of the inverse of a matrix, would be con-
siderably expensive. In addition, because the residual flexibility
matrix, a key to the ECB method, is highly populated, thus it has
substantial memory requirements and requires restricting compu-
tational work during the reduction procedure. For these reasons,
the original ECB method is not appropriate for dealing with large
FE models. Given the recent trend of increase in the size of FE mod-
els, these limitations should be resolved.

In this study, to resolve the aforementioned limitations, we
improve the performance of the ECB method. We first identify
sources deteriorating the computational efficiency in the original
method, and focus on managing them effectively in the proposed
method. To increase the computational efficiency and reduce the
requirement for computer memory, we use algebraic substructur-
ing [31-38], giving many small substructures, instead of physical
domain-based substructuring. To reduce the size of the interface
boundary, inevitably increased by algebraic substructuring, inter-
face boundary reduction [39] is employed. In the improved ECB
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method, the residual flexibility matrix, reflecting the residual sub-
structural modes, is applied only to the reduced mass matrix. This
is a significant feature for reducing the computation time. We also
demonstrate a computer-aided formulation for efficient imple-
mentation and computer memory management of the proposed
method.

In Section 2 of this paper, the original ECB method is reviewed
in brief. In Section 3, the improved ECB method is derived, and the
computer-aided formulation is presented in Section 4. In Section 5,
we verify the performance of the proposed method through several
large structural FE models, and finally, conclusions are drawn in
Section 6.

2. Original ECB method

In this section, we briefly review the formulation of the original
ECB method. The detailed derivation procedure is described in Refs.
[29,30].

The generalized eigenvalue problem for the non-partitioned
global (original) structural FE model is defined by

K, ug = iMgu,, (1)

where M, and K, denote the mass and stiffness matrices for the glo-
bal structure non-partitioned, respectively, and u, and 1 denote the
global displacement vector and the eigenvalue of the global struc-
ture, respectively.

Through the substructuring shown in Fig. 1, the global structure
is partitioned into n substructures that are fixed to its interface
boundary. Then, Eq. (1) can be represented in a partitioned matrix
form as

K K Tug M, M.][us
T =/ T ) (2)

K. K,||lu M, M,]|u,
in which the subscripts s, b, and ¢ denote the substructural, inter-
face boundary, and coupled quantities, respectively. My and K; are
block-diagonal mass and stiffness matrices of which diagonal terms
consist of substructural mass and stiffness matrices, M and K"

(fori=1,2,...,n), respectively.
In the CB method, the transformation matrix is defined by

[ . _
To:{os Iﬂ with @ =[ao! @], ¥c=-K'K, (3)

where ®; denotes the substructural eigenvector matrix containing
all substructural modes, and it is decomposed into ®¢ and ®;, which

are corresponding to the dominant and residual substructural
modes, respectively. Here, ¥, and I, denote the constraint mode
matrix and the identity matrix for the interface boundary,
respectively.

In Eq. (3), @, is a block-diagonal matrix, of which the diagonal
terms consist of the substructural eigenvector matrices ® (for
i=1,2,...,n),and ®? are computed from the following substruc-
tural eigenvalue problems
K@) = MO@OAD

s s Ps
(i)

Ay 0

0 A0

r

e (4)

S

for i=1,2,...,n,

in which A denotes the substructural eigenvalue matrix corre-

sponding to the i™ substructure, and ® and A!’ are decomposed

into dominant terms (®{ and A) and residual terms (®{” and A?).
The constraint mode matrix ¥, in Eq. (3) is computed by

w0
Ye=| : with w9 = —(l(§i>)71l(§“) for i=1,2,...,n,
i
(5)
where ¥\ denotes the i substructural constraint mode matrix.

Here, the inverse matrix (Kﬁ”)f1 can be effectively computed using
the Cholesky factorization of K.

The global displacement vector u, is transformed using the
transformation matrix Ty in Eq. (3) as follows

d
o @ ‘l’c] u_ 9

:
0 0 1, & )

u
ug:{ 5:|:Toll with T0_|:
up
up

(6)

in which u denotes the generalized coordinate vector, and q¢ and ¢}
denote the modal coordinate vectors corresponding to the domi-
nant and residual substructural eigenvector matrices, ®¢ and @,
respectively.

In Eq. (6), selecting the dominant terms, ®¢ and q¢, we can
obtain the approximated global displacement vector u, as

d d
u, ~ T =Tot with TO["(’; ‘H u[%} 7)

(a)

(b)

Fig. 1. Substructuring for the global structure: (a) Partitioned structure, where Q; and T denote the i substructure and the interface boundary, respectively, (b) fixed

interface boundary.
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where Ty is the reduced transformation matrix in the CB method,
and u is the corresponding generalized coordinate vector.

By using the reduced transformation matrix Ty in Eq. (7), the
reduced mass and stiffness matrices in the CB method are obtained
as

I d 'y o A0
M=TM,To= | L (q’i) M. , K=T)KTo=|"° _ |,
MI(®) M, Ky
8)
with
U= (@) My(@!), M.=M,+M¥, M,
=M, + My, +¥'M,, (9a)
AL = (@)K (@), Ky =K, + K'Y, (9b)

in which M and K are Ny x Ny matrices (No = Ny + N,, where N, and
N, are the numbers of dominant substructural modes and interface
boundary DOFs, respectively).

Note that, in Eq. (9a), lf is an identity matrix, and it is simply
obtained without computing ((Df)TMS(ch). Also, in Eq. (9b), there
is no need to compute (@¢) K (®¢) to obtain A’. Because A? is a
block-diagonal matrix of which the diagonal terms consist of the
substructural eigenvalue matrices Af}) (for i=1,2,...,n), Ag’ is
easily obtained by reusing AS), already calculated in Eq. (4).

In the ECB method [29,30], the residual substructural eigenvec-
tor matrix ®; in Eq. (6), which is not considered in the CB method,

is reflected to the transformation matrix T, by considering the sta-
tic part of the residual flexibility for substructures. Then, the
enhanced transformation matrix is derived, which improves the
solution accuracy of the reduced model significantly.

The static residual flexibility matrix for substructures F [29,30]
is defined by

E" 0

S

F = - with EY = (K") ' — (@{)A)) (@)

for i=1,2,...,n,
(10

o , T
where (K) " and @)(AD) ](cl)g’)) are the full and dominant flex-
ibility matrices for the i™ substructure. Note that we reuse the
inverse matrix (1(§">)” already computed in Eq. (5) for the matrix
i . . -1 . .
¥, and the inverse matrix (Af,”) is easily computed requiring
decreased computation time, because it is a diagonal matrix.
After constructing the reduced matrices M and K in Eq. (8), the
enhanced transformation matrix T; [29,30] is defined as
F°M,

, R=MK, 1
0 (1)

T, =To+T,R with Taz{g

in which T, contains the effect of the residual substructural modes
@] through F’. It is very important to note that, the enhanced trans-
formation matrix T; is computed without directly calculating the
residual substructural eigenvector matrix ®.

Thus, conducting the Rayleigh-Ritz procedure with the
enhanced transformation matrix T;, the reduced mass and stiffness
matrices in the ECB method [29,30] are defined by

M, = M + R'T;M, T, + T,M,T,R + R'T,M,T,R, (12a)

K. = K+R'T'K,T, + ToK, T,R + R'T' K, T,R. (12b)

Substituting Ty in Eq. (7) and T, in Eq. (11) into Eq. (12), and
using the orthogonality property between ®¢ and F? for the mass
and stiffness matrices [16,17], the four terms in Eq. (12) are repre-
sented as follows

T'M,To=A, T.M,T,=E, T.K,To=0 T.KT,=A, (13a)
. 0 (] 0 (]
with A= o e | E= o wpemen ) 0%

Finally, using Eqs. (12) and (13), the reduced mass and stiffness
matrices of the ECB method, M, and K., are rewritten as

M. =M+R'A+A'R+R'ER, (14a)

K. =K+R'AR, (14b)

where M, and K, are Ny x Ny matrices, that is, the ECB method gives
the same size of reduced model as the CB method does.

Then, the reduced eigenvalue problem in the ECB method is
given by

K@:Ijmeﬁj for j: ]727...,N07 (15)

in which /; and @; are the j™ approximated eigenvalues and eigen-
vectors, respectively.

The ECB method produces more accurate reduced models than
the CB method. The numerical results have been well demon-
strated [29,30]. However, with the original ECB method, it is diffi-
cult to solve large FE models containing over 10> DOFs.

For large FE models, if the number of defined substructures is
small, each substructure contains relatively large DOFs. For this
case, the computation time to calculate the constraint mode matrix

¥Y in Eq. (5) becomes expensive due to the computation of the

inverse matrix (1(5“)”. In addition, because the diagonal compo-
nent matrices of F? (Fg") fori=1,2,...,n)are fully populated, they
require large computer memory to save, and F;’ causes long com-
putation time to calculate the matrices A and E in Eq. (13a). These
will be investigated using numerical examples in Section 5.

3. Improved ECB method

In this section, we present the improved ECB method created
using the following three procedures: algebraic substructuring,
interface boundary reduction, and residual substructural mode
compensation.

3.1. Algebraic substructuring

In the proposed method, using algebraic substructuring [31-38],
the global mass and stiffness matrices M and K, (generally sparse)
are divided into many small submatrices automatically. Then, these
submatrices are designated as substructures and as interface
boundary in the algebraic perspective. For this, My and K, are per-
muted automatically by the node renumbering process [36-38].
The procedure for algebraic substructuring is described in Fig. 2.

Then, the automatically partitioned global mass and stiffness
matrices, M, and K,, are represented as follows

M 0 m K" 0 K
. | N : | :
. I . I .
M, = 0 M® :M(”’ ., K= 0 K® :K‘”’ . (16)
8 _ 3 "€ 8 e
sym I M, sym P K,
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Fig. 2. Algebraic substructuring procedure: (a) Non-zero pattern of an original large sparse matrix, (b) matrix permutation and partitioning, (c) definition of the substructures

and interface boundary in the algebraic perspective (8 substructures are considered).

Because the algebraic substructuring [31-38] provides a large
number of submatrices (= substructures) of small size, the compu-
tation time and computer memory problems induced by ¥ and
Fﬁ“ mentioned in the previous section, can be managed effectively.

This makes it possible to compute reduced models even for large
FE models.

3.2. Interface boundary reduction

Employing algebraic substructuring [31-38], the size of the
interface boundary inevitably grows because the number of sub-
structures increases. This causes escalation of the computation
time and of the size of the reduced model. Therefore, it is essential
to reduce the interface boundary.

After constructing M and K in Eq. (8), considering the mass and
stiffness matrices for the interface boundary, M, and K, the eigen-
value problem for the interface boundary is given by

Al 0

Ky®, = M,®A, with @, = [@{®]], A, = 0 A
b

;o (17)

where ®, and A, are the eigenvector and eigenvalue matrices for
the interface boundary, and those are decomposed into dominant

terms (®¢ and AY) and residual terms (®} and Aj).

The eigenvalue problem in Eq. (17) is solved and the interface
displacement vector u, is expressed as

d
u, = Oyq;, = (D)D)} {3’; } (18)
b

in which q, is the modal coordinate vector corresponding to ®;, and
q, is decomposed into dominant and residual terms, q¢ and q,.

Using Eq. (18), the generalized coordinate vector u in Eq. (6) is
rewritten as

d
q o o o 9
. q
u=|q | =T,q with T,=(0 I., 0 0|, q= q; ,
u, 0 0 o o qf
b
(19)

and applying u = T,q into Eq. (6), the global displacement vector ug

is represented as

. o! o Yo Yo

u;=Tou=Tq with T=TT,=| * =~ "% "%
0 o

(20)
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where T is the transformation matrix for the CB method considering
the interface reduction [15], T, is the interface transformation
matrix, and q is the modal coordinate vector corresponding to the
transformation matrix T.

After column reordering for the T matrix according to the dom-
inant and residual terms, the global displacement vector u, in
Eq. (20) is rewritten as

u, =Tq=[T, Tr]{q‘i} (21)
q,
! v o Y. d
with Tg=| ° Cdb ’ Tr:{ y Cfb} 4 = qu )
0 Dy 0 D, q,

o= [g]
(22)

in which T; and T, are the dominant and residual parts of the trans-
formation matrix T, and q, and q, are the modal coordinate vectors
corresponding to T; and T,, respectively.Considering only the
dominant part Ty, the global displacement vector u, could be
approximated as

u, ~ 0, = Tyq,. (23)

Then, using u, =T;q,; in Eq. (23) in Eq. (1), the following
reduced eigenvalue problem is obtained

o = M,
Kq, =7Mq, with M=TMT,=| >~ °|.
. M! I (24)
17 T As
K=TKT, = Al
T —~ Ty
I = (@) My(@f), M, = (0!) M (D), A
T~
= (®f) Ky (@), (25)

where M and K are the reduced mass and stiffness matrices in the
CB method considering the interface reduction [15], and 7 is the
approximated eigenvalue. Note that lﬁ is an identity matrix, and
A was obtained previously in Eq. (17).

3.3. Residual substructural mode compensation

Substituting Eq. (21) into Eq. (1), and pre-multiplying T', we
obtain the following equation

Ag—/My  —IM 0
] le] =) (262)
—M}, A~ M, ]| q, 0
Ag =TK, Ty, A =TK,T,, (26b)
M; = T,M,T;, My =T,;M,T,, M, =T M,T,. (26¢)

Expanding the linear equation for the second row, q, is given by
q, = A(Ar — IM,)'Mg,q, @7

and substituting Eq. (27) into Eq. (21), the global displacement vec-
tor u, is represented by

U, = [Tg + AT, (Ar — AM;) ' MG ]q,. (28)

In Eq. (22), the residual part of the transformation matrix (T,) is
represented as

. I Y. ® 0
T, = W@, with W= R N . 29
wi {0 1} {0 mz} 9)

We then use T, = Y®, in Eq. (29) and My, = TgMgT, in Eq. (260),
and the global displacement vector u, in Eq. (28) is rewritten by

u = [T, + /WF.¥"M,Tgq, with F,=®.(A,—/M,) '@, (30)

in which F, denotes the residual flexibility matrix [29,30].
Based on Neumann series expansion [40], the residual flexibility
matrix F; in Eq. (30) can be expanded as follows

F, = ®,(A, — /M,)'®]
= @A '®T +0(4) +0(4H) +0(A) +---. (31)
Neglecting the terms related with unknown / in Eq. (31), we

obtain the static part of the residual flexibility matrix F, [29,30]
as follows

FF 0
Fs=®A'® = | 5 | (32)
Ts ridr r |: 0 Fb :|

where F;’ and F; denote the static residual flexibility matrix for the
substructures and interface boundary, respectively. Note that, the
detailed formulation of F_ is already given in Eq. (10).

Considering only the static residual flexibility matrix for sub-
structures F_, the following equation is obtained

Fs = {Ff 0}. (33)

In Eq. (30), using Fs and 7 instead of F, and , respectively, the glo-
bal displacement vector u, is approximated by

U, ~U, =T.qy with Te=Ty+/T,, T,=¥YF¥Y' MTy, (34)

in which T, is a new transformation matrix for the proposed
method, which is enhanced by T,, which contains the effect of resid-
ual modes.

Applying u, =T.q; in Eq. (34) into Eq. (1), the following
reduced eigenvalue problem is obtained

K.q, = /M.q,, (35)

and the reduced mass and stiffness matrices, M, and K., are defined
as

M, = T'M,T, = M + IT!M,T, + /T\M, T, + 2TIM,T,, (36a)

K. = T'K, T, = K + 7T°K, T, + T K, T, + T K, T,. (36b)

Using M, and K. in Eq. (36), the reduced eigenvalue problem in
Eq. (35) is rewritten as

(K + IT0K, Ty + 7T K T, + 2ToK, T]qq
= 7[M + ITIM, T, + ATiM, T, + 22T M, T,]q,. (37)

Substituting ¥ in Eq. (29) and F; in Eq. (33) into T, in Eq. (34),
the additional transformation matrix T, is represented as

(38)

T, — WEWM,T, — {ngqu);’ F;smfcbﬁ} .

0 0
Because the static residual flexibility matrix F; is mass-

orthogonal to the substructural eigenvector matrix ®¢, we can iden-
tify that F°M;®¢ = 0 in T, and thus, Eq. (38) can be rewritten as

TSI\/ d
. _ |0 EMof| 39)
0 0

Then, substituting T, in Eq. (22) and T, in Eq. (39) into
T)M,T,, T)K,T, and T'K,T, in Eq. (37), we have following relations:
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00 , o

TiM, T, = {0 A } with A, = (@) MIF*M, !, (40a)
b

T,K,T, = 0, T.K, T, = TyM,T,. (40Db)

Pre-multiplying M- in Eq. (24), the following equation is
obtained

7q,=Rq, with R=M"K. (41)

Note that the matrix R is not a symmetric matrix.
Applying Eq. (40) into Eq. (37), the reduced eigenvalue problem
is rewritten as

Kq, = A[M + IT\M, T, + 2T M,T,]q,, (42)

and neglecting the high-order term (ZZTZMgTa), and using the rela-
tion 7q, = Rqy in Eq. (41) in 7T;M,T,, we can obtain a new reduced
eigenvalue problem as follows

Kq, = 7[M + T,;M,T.R]q,. (43)

Finally, substituting T;MgTa in Eq. (40a) into Eq. (43), the
reduced mass and stiffness matrices of the proposed method, M,
and Re, are obtained as follows:

Y 0 0
M,=M+Y with Y=T/MT,R= [ }R, (44a)

0 A,

K. =K, (44b)
in which M, and K. are matrices of size N; x N;, and Nj is the num-
ber of DOFs in the reduced model obtained using the proposed
method (N; = N; + Ny, where N, is the number of dominant inter-
face boundary modes selected).

Note that, unlike the original ECB method, the matrix T,, which
contains the effect of residual substructural modes, is considered
only for the mass matrix in the proposed method, and this is a
highly advantageous feature for reducing computation time.

In the proposed method, the reduced matrices in Eq. (44) are
computed without conducting the Rayleigh-Ritz procedure using
the transformation matrix T.. Therefore, to obtain the approxi-
mated global eigenvectors, we need to compute the transformation
matrix T.. Applying the relation 1q, = Rq, in Eq. (41) to Eq. (34),
the transformation matrix T, is redefined by

T. =Ts + TR, (45)
and then, the approximated global eigenvectors are calculated as

(@g); = Teqp; for j=1,2,....Ny, (46)
where @; is the j™ approximated eigenvector calculated from the

reduced eigenvalue problem by the proposed method,
Kep; = 7;M.@;.

4. Computer-aided formulation of the improved ECB method

In this section, we give a computer-aided formulation of the
proposed method that provides computationally efficient imple-
mentation and reduces the computer memory required. For these
purposes, the formulations are represented in a substructural
matrix form. The detailed computational procedure of the pro-
posed method is described in Table 1.

In Eq. (8), the matrices M., M,, and K, in the reduced matrices M
and K are computed using

with MY =M? + MP¥Y for i=1,2,...,n,

Cc S

(47)

Y & i)\ T i (i 5 & i gy
M, =My + Y [(MO) ¥+ (¥0) M), Ky =Ky + > (KD) ¥
i=1

i=1

(48)

Then, the reduced mass and stiffness matrices in the CB method,

M and K, are computed using the following computer-aided
formulation

1 0 (@) M AY 010

M = E ! C | K= - L
0 I (@) M o AP0
sym | I\A/lh sym ! Kh

(49)

in which lff) (fori=1,2,...,n) are the identity matrices requiring
very small computing effort, and in which ®} and A} (for
i=1,2,...,n) are calculated from the substructural eigenvalue
problem in Eq. (4).

After calculating the eigenvalue problem for the interface
boundary in Eq. (17), the matrix M. in Eq. (24) is computed using
M

— o Toa
with MY = (@) MP(@) for i=1,2,...,n,

M. = : !
Vi

(50)
and the reduced matrices M and K in Eq. (24) can be constructed as
follows

Table 1
Computational procedure of the proposed method.

Computational procedure Related equation

numbers

Step 1. Algebraic substructuring 16
Step 2. Calculation of the constraint mode matrix

a. Calculating (K?) ' and w¢ 5
Step 3. Substructural eigenvalue problems

a. Solving K@’ = AVM{ @’ 4

b. Calculating A} and ®{ 4

c. Calculating F{) and factoring into F{’ and F{) 10,52
Step 4. Construction of the reduced matrices of the

CB method

a. Calculating lg)A MEU,Mb, and K, 47, 48, 49

b. Constructing M and K 49
Step 5. Interface boundary reduction

a. Solving K, ®; = A,M,®, 17

b. Calculating A{, ®¢, and M 17,50

¢. Constructing M and K 51
Step 6. Residual substructural mode compensation

a. Calculating R and partitioning 41, 55

b. Calculating H?,Q, @, Ay, and Y 53,54, 55

c. Constructing M. and K. 44, 51, 56
Step 7. Reduced eigenvalue problem 43
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1 0 im AP 010
| [

M= A b 51
0 I M 0 AP0 G
———————————— A= i

sym. Y sym PAY

where I{ is an identity matrix, and A{ has already been calculated
from Eq. (17).In Egs. (10) and (33), the matrix F¥, which is a diag-
onal substructural matrix of F* for the i substructure, is symmet-
ric, and it can be factored into three parts as follows

FO = F) +F + (F))', (52)

in which F? and F are the diagonal and upper triangular parts of

ng), respectively. Note that, as mentioned before, Fg“ requires large
computer memory and increases the computation time. Therefore,
it is beneficial to save F{ and F” instead of saving F in computer
memory.

Using Eqgs. (10), (47), and (52), the matrix A, in Eq. (40a) is com-
puted as

A, =A;+A,+A] (53)

with

A=>"HN'QY, A,=> H"'Q, (54a)
i1 i=1
HY =MOa!, Q¥ =F'HY, Q¥ =F'H". (54b)

From Eq. (41), R is obtained and partitioned into substructural
and interface boundary parts as follows

ol

Note that, because the matrix R is non-symmetric, the upper
triangular part matrix R, is not equal to the lower triangular part
matrix R..

Then, using R in Eq. (55) and A, in Eq. (53), the matrix Y in Eq.
(44a) is obtained

0 Y. . .
Y= { } with Y. =R'A,, Y, =RjA,. (56)
0Y,

Finally, applying the computed matrices M and K in Eq.(51)and Y
in Eq. (56) to Eq. (44), we can efficiently calculate the reduced mass
and stiffness matrices for the proposed method, M, and K..

To obtain the transformation matrix of the proposed method T,
in Eq. (45), the dominant part of the transformation matrix, T, in

»
gl

<

Yy

Y

L.

Fig. 3. Rectangular plate problem (60 x 36 mesh, 11285 DOFs, length L = 20 m, width B = 12 m, thickness t = 0.025 m).
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Fig. 4. Relative eigenvalue errors for the rectangular plate problem: Ny = N; = 205.

Table 2

Relative eigenvalue errors for the rectangular plate problem.
Mode number CB ECB

Original Improved

1 1.26018E—-04 6.04433E—-08 2.92022E-10
2 2.15755E-06 7.87076E—09 8.77754E-11
3 6.78399E-04 2.27441E-06 3.34367E-08
4 1.30336E-04 2.19235E-06 4.78053E-09
5 1.74384E-03 6.54263E-07 6.61991E-09
6 1.25321E-04 1.93101E-06 3.37899E-08
7 2.84494E-04 5.58958E—07 1.92922E-08
8 1.15526E-02 3.24691E-06 5.20070E—-08
9 7.21621E-03 1.74406E—-06 1.60505E-08
10 6.94656E—-03 3.52401E-05 2.02076E-07
11 4.56213E-03 3.22845E-05 3.14789E-07
12 6.77084E—03 1.56672E-04 3.65606E—06
13 2.78424E-04 2.34888E-05 7.10430E-07
14 6.65006E—03 1.35011E-04 2.92710E-07
15 2.50601E-02 4.21868E-03 3.93829E-06
16 6.73162E—-03 1.85850E—-03 1.11335E-06
17 1.07488E-01 3.51637E-03 1.81602E-06
18 4.33276E-03 8.33458E-02 4.38059E-06
19 6.56255E—-02 9.04742E-04 1.86634E—06
20 1.87902E-01 2.89952E-02 3.57041E-06

Table 3

Computation time for the rectangular plate problem.
Methods Computation time

[sec] Ratio [%]

CB 12.46 100.00
Original ECB 44.39 356.26
Improved ECB 2.94 23.60

Eq. (22), and the additional transformation matrix T, in Eq. (39),
should both be calculated. Fortunately, these matrices are easily
obtained by using submatrices already computed, as follows

P 0 Yo; 0 01 QY+Q)+(F") H
. | N ! N
T N T = | ’ )
Tl e iwrept o 01QP+Q +(F)HY
0 - 0! ® 0 - 0! 0

(57)

It is reasonable to expect that the proposed method would be
very computationally efficient, because the reduced model is con-
structed using substructural matrix computations without the glo-
bal matrix computations that result in long computation times.
The computational efficiency of the proposed method will be ver-
ified in the following section.

5. Numerical examples

In this section, to verify the performance of the proposed
method, we solve four practical engineering problems involving a
rectangular plate, a wheel structure, a jacket structure, and a stiff-
ened plate. For FE models, the MITC shell elements [41-44] and
four-node tetrahedral solid elements are used. A free boundary
condition is imposed, and the material properties of a mild steel
are used (Young's modulus E =206 GPa, Poisson’s ratio v = 0.3,
and density p = 7850 kg/m?).

For algebraic substructuring, we use the “ndmetis”, which is the
one of the subroutine programs of METIS [33]. The subroutine pro-
vides optimized permutation and partitioning for a large sparse
matrix very fast. METIS has been widely used as an efficient matrix
permutation and partitioning software package. We adopt the fre-
quency cut-off technique [2] to select the dominant substructural
and interface boundary modes. The reduced models are calculated
using the CB, original and improved (proposed) ECB methods, and
the numerical results are compared in terms of solution accuracy
and computation time. MATLAB [45] is used for implementation
of the three methods, via sparse matrix computation using a per-
sonal computer (Intel core (TM) i7-3770, 3.40 GHz CPU, and 32
GB RAM).

To evaluate the solution accuracy, the following relative eigen-
value error is used

_ i

G="7 (58)

in which &, 4, and % are the relative eigenvalue error, the exact
eigenvalue obtained in the global FE model, and the approximated

eigenvalue obtained in the reduced model for the j™ mode,
respectively.
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Fig. 5. Wheel structure problem (83754 four-node solid elements, 69714 DOFs, diameter D = 0.483 m).

Relative eigenvalue error
o

10 —H—cCB 1
—¥— Original
—E— Improved
12
10 Il Il Il Il Il
0 5 10 15 20 25

Mode number

Fig. 6. Relative eigenvalue errors for the wheel problem: Ny = N; = 1387.

5.1. Rectangular plate problem

Let us consider a rectangular plate as shown in Fig. 3. The length
L, width B, and thickness are 20, 12, and 0.025 m, respectively. The
plate is modeled by a 60 x 36 mesh of 4-node MITC shell finite ele-
ments, and the total number of DOFs is 11285. The same sized
reduced models are constructed using the CB method, and the orig-
inal and improved ECB methods.

For the CB and original ECB methods, the plate is partitioned
into two substructures through physical domain-based substruc-
turing as shown in Fig. 3. The number of the interface boundary
DOFs is 185 (N, = 185), and we select 20 dominant substructural
modes (N; = 20). Thus, the size of the reduced models obtained
by two methods Ny is 205 (No = Ny + Np). For the improved ECB
method, algebraic substructuring is used to automatically partition
the plate into 16 substructures. We select 80 dominant substruc-
tural modes and 125 dominant interface boundary modes

(Ng =80 and N, =125), and the size of the reduced model
obtained by the proposed method N; is 205 (N; = Ny + Nj).

Note that, for the CB and original ECB methods, a small number
of substructures (two) is considered to avoid increasing the num-
ber of interface boundary DOFs affecting the size of the reduced
model. In contrast, for the proposed method, a relatively large
number of substructures (16 substructures in this problem) could
be considered, because the size of the reduced model can be con-
trolled by adjusting the number of dominant substructural and
interface boundary modes selected. That is, in the proposed
method, we can control the size of the reduced model regardless
of the number of substructures considered.

Fig. 4 and Table 2 demonstrate the relative eigenvalue errors,
obtained by the CB, original ECB, and improved ECB methods, cor-
responding to the 15-20™ modes. The improved ECB method pro-
duces a significantly more accurate reduced model than do the CB
and original ECB methods. Table 3 shows the computation time.
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Table 4
Specific computation time for the wheel structure problem.

Methods Items Computation time
[sec] Ratio [%]
CB Transformation procedure 1233.00 99.87
Reduced eigenvalue problem 1.62 0.13
Total 1234.62 100.00
Original ECB Calculation of (K(S“)?l and ¥ 1148.30 93.01
Solving K@’ — AOMY @0 425 0.34
Construction of M and K 69.05 5.59
Calculation of F{’ and R 34.53 2.80
Calculation of A and E 5413.84 438.50
Construction of M, and K. 19.34 1.57
Reduced eigenvalue problem 3.88 0.31
Total 6693.19 542.13
Improved ECB Step 1. Algebraic substructuring 0.76 0.06
Step 2. Calculation of the constraint mode matrix 5.57 0.45
Step 3. Substructural eigenvalue problems 5.15 0.42
Step 4. Construction of the reduced matrices of the CB method 11.01 0.89
Step 5. Interface boundary reduction 9.62 0.78
Step 6. Residual substructural mode compensation 2.44 0.20
Step 7. Reduced eigenvalue problem 1.04 0.08
Total 35.58 2.88

/‘K”

[
[

Fig. 7. Jacket structure problem (26484 shell elements, 155766 DOFs, height
H = 87 m, breadth B = 37 m, thickness t = 0.025 m).

The improved ECB method only requires 2.94 s to construct the
reduced model, while the CB and original ECB methods require
12.46 and 44.39 s, respectively. From these results, we can identify
the improved performance of the improved ECB method compared
to the CB and original ECB methods in both accuracy and computa-
tional efficiency.

5.2. Wheel structure problem

A wheel structure of diameter D =0.483 m is considered, as
shown in Fig. 5. We use 83754 four-node tetrahedral solid ele-
ments and 23238 nodes for finite element modeling. The number
of total DOFs is 69714. The same size of the reduced models is
obtained with the CB, original ECB, and improved ECB methods.

Through physical domain-based substructuring, the global struc-
tureis partitioned into four substructures for the CB and original ECB
methods, as shown in Fig. 5. The numbers of the dominant substruc-
tural modes and the interface boundary DOFs, N; and Ny, are 40 and
1347, respectively, and the size of the reduced models Ny is 1387. For
the proposed method, the global mass and stiffness matrices are
automatically partitioned using algebraic substructuring, and the
128 substructures are defined in the algebraic perspective. To con-
struct a reduced model of the same size (No = N; = 1387), we select
1267 dominant substructural modes (N; = 1267)and 120 dominant
interface boundary modes (N, = 120).

Fig. 6 presents the relative eigenvalue errors, obtained by the
CB, original ECB, and improved ECB methods corresponding to
the 15-25™ modes. Table 4 presents the required computation
time. As mentioned in Section 2, we can identify that ¥? and

i —1 . . . . . ..
(K®)"" require relatively long computation time with the original

ECB method. Furthermore, the matrices Ff), almost fully populated
matrices, require 20.12 GB of computer memory, and induce
5413.84 s to calculate matrices A and E. On the other hand, the
proposed method needs only 35.58s to calculate the reduced
model, with higher accuracy than with the CB and original ECB
methods.

5.3. Jacket structure problem

We consider a jacket structure, as shown in Fig. 7. The height H
and the width B are 87 and 37 m, respectively, and the pipe thick-
ness is 0.025 m. The structure is modeled using 26484 shell ele-
ments, and the total number of DOFs is 155766. For this
problem, we cannot obtain the reduced model by using the original
ECB method, due to insufficient computer memory for F’, as
explained in Eq. (10). This requires almost 20.5 GB of computer
memory, when we use 16 substructures.
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Fig. 9. Relative eigenvalue errors for the jacket structure

For the CB method, the global structure is partitioned into 16
substructures, and the numbers of dominant substructural modes
and the interface boundary DOFs considered are 716 and 2844
(Ng =716 and N, = 2844). For the proposed method, algebraic
substructuring is used to partition the global matrices into 256
submatrices (or substructures). Then, 3360 dominant substructural
modes, and 200 dominant interface boundary modes (N, = 3360
and N, = 200) are used to construct the reduced model. Fig. 8 pre-
sents the relative eigenvalue errors corresponding to the 15-30"
modes, when Ny = N; = 3560. The proposed method shows excel-
lent solution accuracy compared to the CB method.

In addition, we construct larger sized reduced models using the
CB method (Ny = 6044, N, = 10644, and Ny = 18844). As shown in
Fig. 9 and Table 5, although the reduced model calculated by the
proposed method is five times smaller than that from the CB

problem: Ny = 6044, Ny = 10644, N, = 18844, and N; = 3560.

Table 5
Computation time for the jacket structure problem when Ny = 18844 and N; = 3560.

Methods Computation time

[sec] Ratio [%]
CB 1687.60 100.00
Original ECB N/A -
Improved ECB 100.94 5.98

method, its solution accuracy and computational efficiency are
much better than from the CB method.

5.4. Stiffened plate problem

Let us consider a stiffened plate, which is an important struc-
tural unit of offshore structures, as shown in Fig. 10. The length
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Fig. 11. Relative eigenvalue errors for the stiffened plate problem: No = 36942, Ny = 38030, N, = 43150, and N; = 3146.

Table 6
Computation time for the stiffened plate problem when Ny = 43150 and N; = 3146.

Methods Computation time

[sec] Ratio [%]
CB 18994.70 100.00
Original ECB N/A -
Improved ECB 934.09 4.92

L, breadth B, and stiffener spacing are 78.0, 44.0, and 2.0 m, respec-
tively, and the thickness is 0.019 m. The stiffener consists of a ver-
tical web of height 0.5 m and a flange of breadth 0.2 m. For FE
modeling, 166530 shell finite elements are used, and the total

number of DOFs is 1004088. In this problem, the original ECB
method fails to calculate reduced models of any size due to the
large amount of computer memory required to store F;.

Through physical domain-based substructuring, the global FE
model is uniformly partitioned into 64 substructures in the CB
method. The algebraic substructuring is performed for the pro-
posed method, and the global mass and stiffness matrices are
divided into 1024 substructures.

Fig. 11 shows the relative eigenvalue errors obtained using the
CB and proposed (improved ECB) methods for four different sizes
of reduced models: Ny = 36942, N, = 38030,N, = 43150, and
N; = 3146. The computation time is described in Table 6, when
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No =43150 and N; =3146. From Fig. 11 and Table 6, we can
clearly verify that the proposed method produces a small, accurate
reduced model with excellent computational efficiency.

6. Conclusions

In this study, we improved the enhanced Craig-Bampton (ECB)
method. The improved ECB method was created by employing
algebraic substructuring and interface boundary reduction. An
important feature of the proposed method is that the residual sub-
structural modes were compensated only for the reduced mass
matrix, and this led to significantly reduce computation time. We
also presented a computer-aided formulation to provide computa-
tionally efficient implementation and to decrease the amount of
computer memory required. We demonstrated the excellent com-
putational efficiency and accuracy of the proposed method by solv-
ing several practical structural problems. The proposed method
could handle relatively large FE models that the original ECB
method fails to solve.

In future work, it would be very valuable to develop a more effi-
cient formulation of the enhanced automated multi-level substruc-
turing (EAMLS) method. This could then be used as an alternative
to the popularly used LANCZOS eigensolver, when large FE models
(containing several millions of DOFs) are solved.
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