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In this paper, we simplify the error estimation technique developed for the Craig–Bampton (CB) method
(Kim et al., 2014). The original formulation is simplified by neglecting insignificant terms, a new error
estimator is obtained, and thus computational cost is significantly reduced with negligible accuracy loss.
In addition, the contribution of a specific substructure to a relative eigenvalue error can be estimated
using the new formulation, in which the estimated relative eigenvalue error is represented by a simple
summation of the substructural errors estimated. Therefore, the new formulation can be employed for
error control by using the detailed errors estimated for a certain substructure. Through various numerical
examples, we verify the accuracy and computational efficiency of the new formulation, and demonstrate
an error control strategy.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

In 1960s, component mode synthesis (CMS) was first presented
by Hurty [2]. In the decades since then, various CMS methods have
been developed [3–15]. The CMS methods have generally been
employed to solve large and complex structural vibration problems
efficiently, and their applications have been extended to new areas
of research such as multi-body dynamics, structural health
monitoring, structural design optimization, and real-time control
of dynamic systems [16–19].

In CMS methods, one research issue is how to evaluate the reli-
ability of eigensolutions obtained from the reduced model, when
the exact eigensolutions are unknown. To handle this problem,
several a priori and a posteriori error estimation methods have been
developed [20–23]. Of special interest here, Elssel and Voss [21]
developed an upper bound of the relative eigenvalue error for
the automated multi-level substructuring (AMLS) method [24–26].
Since it is an a priori method and a scalar operation technique, it
requires almost no computational cost. However, although it gives
the tendency of the relative eigenvalue error as an upper bound,
its estimation capability is not adequate for practical use in
engineering problems.

Recently, an accurate error estimator was developed for the CB
method using an enhanced transformation matrix derived
considering the residual mode effect [1]. Its estimation accuracy
and computational efficiency were tested with various structural
finite element (FE) models (within 5000 DOFs). However, since
the original formulation requires full matrix operations, its compu-
tational cost may become severe in problems with very large DOFs.

In order to improve its computational efficiency, we here pro-
pose a newly formulated error estimator extending the previous
work [1]. First, the original formulation is simplified at the compo-
nent matrix level and some higher order terms are neglected. Then,
we newly define a simplified error estimator, in which the contri-
bution of a specific substructure to a relative eigenvalue error can
be calculated and the summation of the substructural eigenvalue
errors is equal to the total eigenvalue error estimated. Conse-
quently, using the simplified error estimator, we provide two
important advantages (reduction of computational cost and capa-
bility to estimate substructural errors) with negligible loss of
accuracy.

In particular, using the second feature, we can identify the sub-
structural distribution of relative eigenvalue errors, which makes it
possible to handle locally fluctuated eigenvalue errors by adjusting
the number of substructural modes selected. It is important to note
that the concept of the substructural error mentioned here nicely
matches with the key idea of the component mode synthesis
(CMS). That is, a whole model is the summation of its substructural
models.

In the following sections, the CB method, the enhanced trans-
formation matrix, and the previous error estimation method are
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briefly reviewed. We then derive the simplified error estimator,
and propose an error control strategy. Finally, the performance of
the error estimator is tested using a variety of numerical examples.

2. Craig–Bampton method

In this section, we briefly introduce the formulation of the CB
method, see Refs. [1–5] for detailed derivations.

Let us consider a global finite element model partitioned into n
substructures fixed to its boundary interface, see Fig. 1. In the CB
method, the equations of motion for free vibration are given

Mg €ug þ Kgug ¼ 0; ð1Þ

Mg ¼
Ms Mc

MT
c Mb

� �
; Kg ¼

Ks Kc

KT
c Kb

� �
; ug ¼

us

ub

� �
; ð2Þ

where M and K are mass and stiffness matrices, respectively, u is

the displacement vector, and ð€Þ ¼ d2ðÞ=dt2 with time variable t.
The subscript g denotes the global structural quantities, and the
subscripts s and b denote the substructural and interface boundary
quantities, respectively. The subscript c denotes the coupled quan-
tities between substructures and interface boundary. Note that Ms

and Ks are the block-diagonal mass and stiffness matrices that con-
sist of substructural mass and stiffness matrices, Mi and Ki (for
i ¼ 1;2; . . . ;nÞ.

The eigenvalue problem for the global structure is defined as

KgðugÞi ¼ kiMgðugÞi for i ¼ 1;2; . . . ;Ng ; ð3Þ
in which ki and ðugÞi are the eigenvalue and eigenvector corre-
sponding to the ith global mode, and Ng is the number of DOFs in
the global FE model. Note that ðugÞi is the mass-normalized eigen-
vector, and ki and ðugÞi satisfy mass-orthonormality and stiffness-
orthogonality conditions.

Using the eigenvectors obtained from Eq. (3), the global dis-
placement vector ug is expressed by

ug ¼ Ugqg ; ð4aÞ

withUg ¼ ðugÞ1 ðugÞ2 . . . ðugÞi
� �

;qg ¼

q1

q2

..

.

qi

2
66664

3
77775 for i¼1;2; . . . ;Ng ;

ð4bÞ
where Ug is the global eigenvector matrix that contains the
eigenvectors ðugÞi and qg is the generalized coordinate vector that
contains the generalized coordinates qi corresponding to ðugÞi.
1

2

3

(a)

Fig. 1. Interface handling in the CB method: (a) partitioned
Then, the transformation matrix T0 is constructed by combina-
tion of the fixed-interface normal modes U and interface-
constraint modes W as

T0 ¼ U W½ �; ð5Þ
with

U ¼ Us

0

� �
; W ¼ Wc

Ib

� �
; Us ¼ Ud

s Ur
s

� �
; Wc ¼ �K�1

s Kc; ð6Þ

where Us is the block-diagonal eigenvector matrix that consists of
substructural eigenvectors, and it is decomposed into Ud

s and Ur
s

that are the eigenvector matrices corresponding to the dominant
and residual substructural modes, respectively. Here, Wc is the con-
straint modes matrix and Ib is an identity matrix for the interface
boundary. The superscripts d and r denote the dominant and
residual terms, respectively.

Then, Us is obtained using the following substructural
eigenvalue problems

KðiÞUðiÞ ¼ KðiÞMðiÞUðiÞ; UðiÞ ¼ ½UðiÞ
d UðiÞ

r � for i ¼ 1;2; . . . ;n; ð7Þ
where UðiÞ and KðiÞ are the substructural eigenvector and eigenvalue
matrices corresponding to the ith substructure, respectively. The
substructural eigenvector matrix UðiÞ is decomposed into the dom-

inant term UðiÞ
d and residual term UðiÞ

r .
The constraint mode matrix Wc in Eq. (6) is defined by

Wc ¼

Wð1Þ
c

Wð2Þ
c

..

.

WðiÞ
c

2
666664

3
777775 with WðiÞ

c ¼ �ðKðiÞÞ�1
KðiÞ

c for i ¼ 1;2; . . . ;n; ð8Þ

in which WðiÞ
c is the constraint mode matrix of the ith substructure,

and KðiÞ
c is the stiffness matrix of the ith substructure coupled with

the interface boundary. Here, ðKðiÞÞ�1
is computed using the

Cholesky factorization of KðiÞ.
Using the transformation matrix T0 in Eq. (5), the global

displacement vector ug is expressed by

ug ¼
us

ub

� �
¼ T0u with T0 ¼ Ud

s Ur
s Wc

0 0 Ib

" #
; u ¼

qd
s

qr
s

ub

2
64

3
75; ð9Þ

in which qd
s and qr

s are the generalized coordinate vectors
corresponding to the dominant and residual substructural modes,
respectively.

Neglecting the residual terms in T0 in Eq. (9), the global
displacement vector ug is approximated by
1

2 3

(b)

structure and (b) fixed interface boundary treatment.
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ug � �ug ¼ �T0�u with �T0 ¼ Ud
s Wc

0 Ib

" #
; �u ¼ qd

s

ub

" #
; ð10Þ

in which �T0 and �u are the reduced CB transformation matrix and
reduced generalized coordinate vector, respectively. The overbar
(–) denotes the approximated quantities.

The reduced matrices of the CB method could be obtained as

�M ¼ �TT
0Mg

�T0; �K ¼ �TT
0Kg

�T0; ð11Þ
and then the reduced eigenvalue problem in the CB method is given
by

�Kð �uÞi ¼ �ki �Mð�uÞi for i ¼ 1;2; . . . ; �N; ð12Þ
where �ki and ð�uÞi are the approximated eigenvalues and eigenvec-
tors, respectively, and �N is the number of DOFs in the reduced
model (�N ¼ Nd þ NbÞ. Here, Nd and Nb are the numbers of dominant
substructural modes and interface boundary DOFs, respectively.

Using the eigenvectors obtained from the reduced eigenvalue
problem in Eq. (12), �u is defined as

�u ¼ �U�q; ð13Þ
in which �U is the approximated eigenvector matrix that contains all
the approximated eigenvectors ð�uÞi, and �q is the corresponding
generalized coordinate vector.

In the CB method, using the reduced transformation matrix �T0,
the approximated global eigenvector matrix �Ug is defined as

�Ug ¼ �T0 �U; ð�ugÞi ¼ �T0 �ui: ð14Þ
3. Simplified error estimator

In this section, we briefly review the enhanced transformation
matrix that is the key ingredient of the error estimator; then we
summarize the original error estimator for the CB method [1],
and derive a simplified error estimator.

3.1. Enhanced transformation matrix

Substituting Eq. (9) into Eq. (1) and pre-multiplying TT
0, the

transformed equations of motion considering all the substructural
modes are obtained as follows:

M€uþ Ku ¼ 0; ð15Þ

M ¼ TT
0MgT0 ¼

Ids 0 ðUd
s Þ

T
M̂c

0 Irs ðUr
sÞTM̂c

M̂T
c ðUd

s Þ M̂T
c ðUr

sÞ M̂b

2
664

3
775;

K ¼ TT
0KgT0 ¼

Kd
s 0 0
0 Kr

s 0

0 0 K̂b

2
64

3
75;

ð16Þ

where the component matrices are defined by

Ids ¼ ðUd
s Þ

T
MsðUd

s Þ; Irs ¼ ðUr
sÞTMsðUr

sÞ; ð17aÞ

M̂b ¼ Mb þMcWc þWT
c M̂c; M̂c ¼ Mc þMsWc; ð17bÞ

Kd
s ¼ ðUd

s Þ
T
KsðUd

s Þ; Kr
s ¼ ðUr

sÞTKsðUr
sÞ; K̂b ¼ Kb þ KT

cWc: ð17cÞ

Note that the dominant and residual eigenvector matrices, Ud
s and

Ur
s , are orthogonal for the mass matrix Ms and stiffness matrix Ks.

Thus, in Eq. (16), the off-diagonal component matrices
(ðUd
s Þ

T
MsðUr

sÞ; ðUr
sÞTMsðUd

s Þ; ðUd
s Þ

T
KsðUr

sÞ and ðUr
sÞTKsðUd

s ÞÞ become
zero matrices.

Using ð::Þ ¼ d2ðÞ=dt2 ¼ �kðÞ, Eq. (15) is rewritten as

Kd
s � kIds 0 �kðUd

s Þ
T
M̂c

0 Kr
s � kIrs �kðUr

sÞTM̂c

�kM̂T
c ðUd

s Þ �kM̂T
c ðUr

sÞ K̂b � kM̂b

2
66664

3
77775

qd
s

qr
s

ub

2
6664

3
7775 ¼ 0: ð18Þ

From the second row in Eq. (18), qr
s can be defined

qr
s ¼ kðKr

s � kIrsÞ�1ðUr
sÞTM̂cub: ð19Þ

Substituting Eq. (19) into Eq. (9) and neglecting higher order terms
of k, the global displacement vector ug is approximated by

ug � �ug ¼ �T1�u with �T1 ¼ �T0 þ kTa; ð20Þ
in which �T1 is the enhanced transformation matrix, �T0 is the CB
transformation matrix defined in Eq. (10).

In Eq. (20), the additional transformation matrix Ta is given by

Ta¼ 0 FrsM̂c

0 0

" #
with Frs¼ðUr

sÞðKr
sÞ�1ðUr

sÞT ¼K�1
s �ðUd

s ÞðKd
s Þ

�1ðUd
s Þ

T
;

ð21Þ
where Frs is the static term of the residual flexibility matrix [1], and

K�1
s and ðUd

s ÞðKd
s Þ

�1ðUd
s Þ

T
are the full and dominant flexibility

matrices for substructures, respectively.
It is important to note that the term Ta in the enhanced trans-

formation matrix contains the effect of the residual substructural
modes Ur

s . However, in the original transformation matrix of the
CB method (�T0Þ, the residual substructural modes are simply trun-
cated without any consideration. For this reason, the enhanced
transformation matrix �T1 can more accurately approximate the
global displacement vector. The enhanced transformation matrix
is essential for developing the error estimation method. However,
�T1 could not be used to construct the reduced model without a
proper treatment because it contains the unknown k [27,28].

3.2. Original error estimator

In CMS methods, to verify the reliability of reduced models, the
relative eigenvalue error could be employed

ni ¼
ki � ki
ki

¼ ki
ki
� 1; ð22Þ

in which ni denotes the relative eigenvalue error for the ith global
mode, and the exact global eigenvalue ki and approximated eigen-
value �ki are calculated from Eqs. (3) and (12), respectively.

From the eigenvalue problem in Eq. (3), the following relation is
obtained

1
ki
ðugÞTi KgðugÞi ¼ ðugÞTi MgðugÞi; ð23Þ

where the exact global eigensolutions, ki and ðugÞi, satisfy the mass-
orthonormality and stiffness orthogonality conditions.

The exact global eigenvector ðugÞi can be approximated using

the enhanced transformation matrix �T1

ðugÞi � �T1 �ui ¼ ½�T0 þ kiTa� �ui: ð24Þ
Using Eq. (24) in Eq. (23), the following equation is obtained

1
ki

�uT
i ½�T0 þ kiTa�TKg ½�T0 þ kiTa� �ui � �uT

i ½�T0 þ kiTa�TMg ½�T0 þ kiTa� �ui;

ð25Þ
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and its expansion results in

1
ki

�uT
i
�K�ui þ �uT

i ½�TT
0KgTa þ TT

aKg
�T0 þ kiT

T
aKgTa� �ui

� �uT
i
�M�ui þ �uT

i ½ki�TT
0MgTa þ kiT

T
aMg

�T0 þ k2i T
T
aMgTa��ui: ð26Þ

Since �uT
i
�K�ui ¼ �ki and �uT

i
�M �ui ¼ 1, Eq. (26) is rewritten as

�ki
ki
� 1 � �uT

i ½ki�TT
0MgTa þ kiT

T
aMg

�T0 þ k2i T
T
aMgTa � �TT

0KgTa

� TT
aKg

�T0 � kiT
T
aKgTa� �ui: ð27Þ

In Eq. (27), the scalar terms �uT
i
�TT
0MgTa �ui and �uT

i
�TT
0KgTa �ui are equal

to �uT
i T

T
aMg

�T0 �ui and �uT
i T

T
aKg

�T0 �ui, respectively. Therefore, Eq. (27)
becomes

�ki
ki
� 1 � 2�uT

i
�TT
0½kiMg � Kg �Ta �ui þ �uT

i T
T
a ½k2i Mg � kiKg �Ta �ui; ð28Þ

in which the left side is the relative eigenvalue error ni in Eq. (22).
Using �ki instead of unknown ki in Eq. (28), the relative

eigenvalue error ni could be approximated as

�ki
ki
� 1 � gi

with gi ¼ 2 �uT
i
�TT
0½�kiMg � Kg �Ta �ui þ �uT

i T
T
a ½�k2i Mg � �kiKg �Ta �ui; ð29Þ

in which gi is the original error estimator for the ith global mode. It
can be used to evaluate the accuracy of the approximated eigen-
value �ki without knowing the original eigenvalue ki. Its estimation
accuracy and computational efficiency were tested in previous work
[1]. This general conceptual idea of the error estimator could be also
employed for the DOFs based model reduction techniques [29].

3.3. New error estimator

Only simple matrix and vector operations are required in the
original error estimation method, see Eq. (29). However, when
problems with large DOFs are handled, computational costs may
become significant because there are four matrices of global DOF
size,Mg and Kg (Ng � Ng matrices), and �T0 and Ta (Ng � �N matrices).
To solve this problem, we approximate the original formulation in
Eq. (29), and then newly derive a simplified formulation.

The error estimator gi in Eq. (29) is rewritten as

gi ¼ �uT
i ½2�ki�TT

0MgTa � 2�TT
0KgTa þ �k2i T

T
aMgTa � �kiT

T
aKgTa� �ui: ð30Þ

Using �T0 in Eq. (10) and Ta in Eq. (21), �TT
0MgTa and �TT

0KgTa in Eq. (30)
are represented in the component matrix form as follows

�TT
0MgTa ¼

0 Ac

0 Ab

� �
with Ac ¼ðUd

s Þ
T
MsFrsM̂c; Ab ¼ M̂T

cFrsM̂c; ð31aÞ

�TT
0KgTa ¼

0 Bc

0 Bb

� �
with Bc ¼ðUd

s Þ
T
KsFrsM̂c; Bb ¼ðWT

cKsþKT
c ÞFrsM̂c:

ð31bÞ
Since Ud

s and Frs have orthogonality for the mass matrix Ms and

stiffness matrix Ks, we can identify that ðUd
s Þ

T
MsFrs ¼ 0 and

ðUd
s Þ

T
KsFrs ¼ 0 in the matrices Ac and Bc . In addition, using Wc in

Eq. (6), it is identified that WT
cKs þ KT

c ¼ 0 in Bb matrix. Then,
Eq. (31) is rewritten as

�TT
0MgTa ¼

0 0
0 Ab

� �
; ð32aÞ

�TT
0KgTa ¼ 0: ð32bÞ
In addition, substituting Ta into TT
aKgTa in Eq. (30), we have the

following relation:

�TT
0MgTa ¼ TT

aKgTa: ð33Þ
Using Eqs. (32) and (33), Eq. (30) is rewritten as

gi ¼ �ki �u
T
i

0 0
0 Ab

� �
�ui þ �k2i �u

T
i T

T
aMgTa �ui: ð34Þ

The approximated eigenvector �ui in Eq. (34) can be partitioned as

�ui ¼
�us

�ub

� �
i

; ð35Þ

where ð�usÞi and ð�ubÞi are the substructural and interface boundary
terms of the approximated eigenvector �ui, respectively.

Neglecting the second order term of �ki and using Eq. (35),
Eq. (34) can be approximated as

gi � li ¼ �kið �ubÞTi Abð �ubÞi; ð36Þ
where li is a new error estimator. Note that, since ð�ubÞi and Ab are
Nb � 1 vector and Nb � Nb matrix, we do not need to handle the
matrices of global DOF size.

The new error estimator li could be more efficiently described

in a substructural component matrix form. The matrices M̂c and Frs,
parts of Ab, are represented as

M̂c ¼

M̂ð1Þ
c

M̂ð2Þ
c

..

.

M̂ðkÞ
c

2
666664

3
777775; Frs ¼

Fð1Þ
rs 0

Fð2Þ
rs

. .
.

0 FðkÞ
rs

2
666664

3
777775

with FðkÞ
rs ¼ ðKðkÞÞ�1 � ðUðkÞ

d ÞðKðkÞ
d Þ�1ðUðkÞ

d ÞT for k ¼ 1;2; . . . ;n; ð37Þ

where FðkÞ
rs is the static term of the residual flexibility matrix for the

kth substructure, and it is easily calculated by reusing ðKðkÞÞ�1
;UðkÞ

d

and KðkÞ
d in Eqs. (6) and (7).

Then, Ab can be represented by the addition of the substructural
matrix terms

Ab ¼
Xn
k¼1

AðkÞ
b with AðkÞ

b ¼ M̂ðkÞT
c FðkÞ

rs M̂
ðkÞ
c : ð38Þ

Due to symmetry, FðkÞ
rs in Eq. (38) can be decomposed into three

parts

FðkÞ
rs ¼ FðkÞ

d þ FðkÞ
u þ FðkÞT

u for k ¼ 1;2; . . . ;n; ð39Þ

in which FðkÞ
d and FðkÞ

u are the diagonal and upper triangular parts of

FðkÞ
rs , respectively.
Finally, using Eqs. (36), (38) and (39), the new error estimator li

for the ith relative eigenvalue error is redefined by

li ¼
Xn
k¼1

lðkÞ
i ; lðkÞ

i ¼ eðkÞ1 þ 2eðkÞ2 ;

with eðkÞ1 ¼�kið �ubÞTi M̂ðkÞT
c FðkÞ

d M̂ðkÞ
c ð�ubÞi; eðkÞ2 ¼�kið �ubÞTi M̂ðkÞT

c FðkÞ
u M̂ðkÞ

c ð�ubÞi;
ð40Þ

where lðkÞ
i is the estimated substructural error corresponding to the

kth substructure for ith relative eigenvalue error, and the new error
estimator li is simply obtained by a summation of the substructural
errors estimated.

In Eq. (40), there is no need to calculate the matrix Ta that is a
prerequisite of the original error estimation method, and it only

requires substructural component matrices such as M̂ðkÞ
c and FðkÞ

rs .
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Therefore, it is easy to identify that Eq. (40) is much more compu-
tationally efficient than the original error estimation method in Eq.
(29). Details of the computational cost are presented in Section 4.

In addition, it is important to note that the estimated substruc-

tural error lðkÞ
i in Eq. (40) provides the contribution of the kth sub-

structure to the ith relative eigenvalue error. Using this feature, we
propose an error control strategy to improve effectively the accu-
racy of the global modes having relatively large errors. This strat-
egy will be presented in Section 5.
4. Numerical examples

In this section, to investigate the performance of the new error
estimator, we consider three practical engineering problems
involving a stiffened plate, a cargo hold structure, and a semi-
submersible rig.

All FE (Finite Element) models are constructed using the 4-node
MITC shell element [30–32], and the free boundary condition is
imposed. Here, we use the material property of a mild steel, so that
Young’s modulus E, Poisson’s ratio t and density q are 206 GPa, 0.3,
and 7850 kg/m3, respectively. The frequency cut-off method is
employed to select the dominant substructural modes [3]. All the
code implementations are done using MATLAB in a personal com-
puter (Intel core (TM) i7-3770, 3.40 GHz CPU, 32 GB RAM).

4.1. Stiffened plate problem

Here, we consider a stiffened plate, an important component of
ships (see Fig. 2). Length L, breadth B, and stiffener spacing S are
Fig. 2. Stiffened p
26.0 m, 6.0 m, and 2.0 m, respectively. The stiffener is composed
of a vertical web of height 0.05 m and a flange of breadth 0.02 m,
and the thickness t is 0.019 m. The number of DOFs is 52662 and
the global structure is partitioned into 18 substructures. For two
numerical cases, we use 60 and 200 dominant substructural modes
(Nd ¼ 60 and Nd ¼ 200Þ.

The exact and estimated relative eigenvalue errors calculated
by the previous (original) and present formulations are plotted in
Fig. 3 for the two numerical cases. The estimated relative eigen-
value errors are also compared with those calculated by the error
estimation method developed by Elssel and Voss [21],

l̂i ¼ ki
kr � ki
�� �� ; ð41Þ

where kr is the smallest residual eigenvalue of substructures.
Table 1 lists the exact and estimated relative eigenvalue errors

corresponding to Fig. 3(a). This clearly shows that the accuracy of
the present formulation is very similar to its original formulation.
Table 2 shows the details of computational cost corresponding to
Fig. 3(a). Compared to the computation time required for the CB
method, the original formulation requires 35.85% of additional
computation time. On the other hand, the present formulation only
requires 2.27% of additional computation time.

Although the error estimation method developed by Elssel and
Voss gives the tendency of the relative eigenvalue error as an upper
bound, its estimation capability is not adequate for practical use in
engineering problems. However, it requires almost no computa-
tional cost, because it is an a priori method and a scalar operation
technique.
late problem.



(a)

(b)

Fig. 3. Exact and estimated relative eigenvalue errors for the stiffened plate
problem: (a) Nd ¼ 60 and (b) Nd ¼ 200.

Table 1
Exact and estimated relative eigenvalue errors in the stiffened plate problem in Fig. 3
(a).

Mode number Exact Estimated

Previous Present

1 0.00001 0.00001 0.00001
2 0.00016 0.00016 0.00016
3 0.00021 0.00021 0.00021
4 0.00080 0.00080 0.00079
5 0.00125 0.00125 0.00124
6 0.00218 0.00219 0.00217
7 0.00362 0.00363 0.00360
8 0.00149 0.00149 0.00148
9 0.00730 0.00737 0.00721

10 0.00474 0.00477 0.00463
11 0.00404 0.00405 0.00394
12 0.00582 0.00585 0.00567
13 0.00627 0.00629 0.00607
14 0.00269 0.00270 0.00264
15 0.00748 0.00748 0.00721
16 0.00658 0.00668 0.00640
17 0.00609 0.00611 0.00586
18 0.00703 0.00705 0.00672
19 0.00774 0.00778 0.00744
20 0.00843 0.00839 0.00795

Table 2
Specific computational cost for the stiffened structure problem in Fig. 3(a).

Items Computation times

[sec] Ratio [%]

CB method 165.24 100.00
Previous error estimator

in Eq. (29)
Calculation of the
residual flexibility
matrix Frs

1.89 1.14

Calculation of Ta

matrix
41.12 24.89

Calculation error
estimator gi

16.23 9.82

Total 59.24 35.85
Present error estimator

in Eq. (40)
Calculation of the
residual flexibility
matrix Frs

1.89 1.14

Calculation error
estimator li

1.87 1.13

Total 3.76 2.27

Present error estimator
considering
symmetric
partitioning

Calculation of the
residual flexibility
matrix Frs

0.79 0.48

Calculation error
estimator li

0.40 0.24

Total 1.19 0.72

Elssel and Voss’s error estimator in Eq. (41) 0.000011 0.0000066

Fig. 4. Cargo hold structure problem.
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Considering symmetric partitioning, the computational cost for
the present error estimator could be reduced more. As shown in
Fig. 2, the substructures 1, 2, 3, 4, 5, and 6 are symmetric with
the other substructures. Thus, it is necessary to calculate the resid-

ual flexibility Frs and substructural error lðkÞ
i only for the substruc-

tures 1, 2, 3, 4, 5, and 6. The computational cost for the present
error estimator, considering symmetric partitioning, is also pre-
sented in Table 2.

4.2. Cargo hold structure problem

Here, a cargo hold structure of an oil carrier is considered
(shown in Fig. 4). The height H, breadth B, length L, and thickness
t are 30.0 m, 50.0 m, 87.0 m, and 0.025 m, respectively. We use
26761 shell elements and 26228 nodes for finite element model-
ing. The number of total DOFs is 157368, and the global structure
is partitioned into 36 substructures. Two different retained sub-
structural mode cases, Nd ¼ 80 and Nd ¼ 290, are considered here.

Fig. 5 shows the exact and estimated relative eigenvalue errors
calculated by the previous and present formulations in the two



(b)

(a)

Fig. 5. Exact and estimated relative eigenvalue errors for the cargo hold structure
problem: (a) Nd ¼ 80 and (b) Nd ¼ 290.

Table 3
Computational cost for the cargo hold structure problem in Fig. 5(a).

Items Computation times

[sec] Ratio [%]

CB method 686.47 100.00
Previous error estimator in Eq. (29) 374.74 54.58
Present error estimator in Eq. (40) 28.98 4.22

Fig. 6. Semi-submersible rig problem.

(a)

(b)

Fig. 7. Exact and estimated relative eigenvalue errors for the semi-submersible rig
problem: (a) Nd ¼ 54 and (b) Nd ¼ 160.
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numerical cases. The required computational costs corresponding
to Fig. 5(a) are presented in Table 3. Note that the computational
cost of the original error estimator in Eq. (29) is not small when
the number of DOFs is over 150000. The numerical results demon-
strate the solution accuracy and computational efficiency of the
present error estimation method.

4.3. Semi-submersible rig problem

We consider a semi-submersible rig problem. Breadth B and
column width C are 80.0 m and 20.0 m, respectively. Heights H1

and H2 are 50.0 m and 15.0 m, respectively, and length L and thick-
ness t are 110.0 m and 0.018 m, respectively. The structure is mod-
eled using 16800 shell elements and 17009 nodes. The number of
total DOFs is 105054. The global structure is partitioned into 28
substructures, see Fig. 6. Here, two different retained substructural
mode cases, Nd ¼ 54 and Nd ¼ 160, are considered. The estimating
accuracy and computational efficiency of the present error estima-
tor are verified in Fig. 7 and Table 4. The computational cost is
reduced a lot using the new error estimator.



Fig. 8. Flow chart for the error control strategy.

(a)

(b)

Fig. 9. Relative eigenvalue errors for the semi-submersible rig problem in Fig. 7(a):
(a) before applying the error control strategy and (b) after applying the error control
strategy.

Table 4
Computational cost for the semi-submersible rig problem in Fig. 7(a).

Items Computation times

[sec] Ratio [%]

CB method 575.77 100.00
Previous error estimator in Eq. (29) 176.69 30.68
Present error estimator in Eq. (40) 11.95 2.07
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5. Error control strategy

In this section, using the estimated substructural errors lðkÞ
i in

Eq. (40), we suggest an error control strategy to improve the accu-
racy of the global modes having relatively large errors. In this strat-
egy, it is important to calculate the substructural contributions to
the selected global modes, and the substructural contribution is
defined as

wðkÞ
i ¼ lðkÞ

i

li
� 100 ½%�; ð42Þ
where wðkÞ
i is the substructural contribution of the kth substructure

to the ith global mode.
The error control strategy is simple. For the global modes of

interest, the substructural contributions wðkÞ
i are calculated using

Eq. (42). The target substructures that contain high contributions
are identified, and additional substructural modes are retained
only for the target substructures to construct a more precisely
reduced model. The detailed procedure of the error control strat-
egy is described in Fig. 8. Using this strategy, we can improve the
accuracy of the selected global modes, resulting in an effective
reduced model of small DOFs with desired accuracy.

The error control strategy is tested with the semi-submersible
rig problem considering the case of Nd ¼ 54, see Figs. 6 and 7(a).
We assign the error tolerance 10�2, and it is observed that the
28th–32th global modes are out of the error tolerance, see Fig. 9

(a). Fig. 10 and Table 5 show the substructural contributions wðkÞ
i

to the 28th–32th global modes, and it is identified that the sub-
structures 2, 4, 5, 13, 14, 16, 18, 19, 27, and 28 have relatively high
contributions to the 28th–32th global modes. Thus, we designate
those substructures as target substructures. Note that, in Fig. 10,
the substructural contributions are plotted only for substructures
1–14 due to the geometrically symmetric condition.

To improve the accuracy of the global modes out of the error
tolerance, for the selected target substructures, additional sub-
structural modes are retained in the reduced model (2 additional



Fig. 10. Substructural contributions to the 28th–32th global mode errors for the semi-submersible rig problem in Fig. 7(a).

Table 5
Substructural contributions wðkÞ

i to the 28th–32th global modes for the semi-
submersible rig problem in Fig. 7(a). Underlines denote relatively high substructural
contributions to the 28th–32th global modes and the corresponding substructural
numbers.

Substructural
numbers

Substructural contributions wðkÞ
i (%)

wðkÞ
28 wðkÞ

29 wðkÞ
30 wðkÞ

31 wðkÞ
32

1, 15 3.41 3.57 0.04 2.05 1.93

2, 16 2.22 2.24 0.16 16.12 15.34
3, 17 0.92 0.93 0.10 9.45 9.00

4, 18 36.84 37.35 0.09 4.61 4.32

5, 19 2.40 2.42 0.16 15.96 15.18
6, 20 3.57 3.73 0.04 2.03 1.91
7, 21 0.10 0.08 0.02 0.16 0.15
8, 22 0.00 0.00 0.00 0.01 0.01
9, 23 0.00 0.00 0.01 0.01 0.01
10, 24 0.12 0.10 0.02 0.15 0.15
11, 25 0.00 0.00 0.00 0.01 0.01
12, 26 0.00 0.00 0.01 0.01 0.01

13, 27 0.00 0.00 19.42 0.14 0.50

14, 28 0.00 0.00 19.27 0.14 0.49

Total 100.00 100.00 100.00 100.00 100.00
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modes for the target substructures 2, 5, 16 and 19, and 1 additional
mode for the other target substructures). Fig. 9(b) shows the result
after applying the proposed error control strategy, and it is identify
that the relative eigenvalue errors out of the error tolerance are
effectively controlled by the proposed strategy. In Fig. 9(b), it can
be seen that to satisfy the error tolerance, the pure frequency
cut-off method requires 86 additional substructural modes with-
out any strategy, while the proposed strategy requires only 14
additional substructural modes. Thus, it can be concluded that
the proposed error control strategy is very effective for construct-
ing an improved reduced model that has better accuracy with
fewer substructural modes.

Note that, the relative eigenvalue errors corresponding to the
8th, 9th, 13th, and 14th global modes become also more accurate
than before because the selected target substructures also have
high contributions for those global modes.

It is important to note that, in this study, we only focused on the
model reduction error. That is, the discretization error in original
FE models was not considered. The discretization error and its esti-
mation methods have been well studied [33–35].
6. Conclusions

In this study, we proposed a simplified error estimator for the
CB method. The simplified formulation was derived by neglecting
insignificant terms in the original formulation. The error estimator
can be represented in the substructural component matrix level to
improve computational efficiency. An important feature of the new
error estimator lies in the fact that the estimated relative eigen-
value error is simple to calculate using summation of the substruc-
tural errors estimated. The substructural errors represent the
contributions of individual substructures to the relative eigenvalue
errors. Using this feature, we proposed an error control strategy to
improve the accuracy of reduced models efficiently. Through vari-
ous numerical examples, we demonstrated the accuracy and com-
putational efficiency of the simplified error estimator, and a new
error control strategy for it.

In future work, it would be valuable to develop an error estima-
tor applicable to the CB method using the interface reduction tech-
nique and the iterative mode selection algorithms to construct
accurate reduced-order models.
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