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ARTICLE INFO ABSTRACT

Keywords: This study presents a comprehensive theoretical and computational model that explores the behavior of a
Film thin hydrated film bonded to a non-hydrated/impermeable soft substrate in the context of surface and bulk
Substrate elasticity coupled with surface diffusion kinetics. This type of coupling manifests as an integral aspect in diverse
Surface diffusion engineering processes encountered in optical interference coatings, tissue engineering, soft electronics, and can
Kﬁ?&iﬁﬂgﬁim prove important in the design process for the next generation of sensors and actuators, especially as the focus is
Indentation shifted to systems in smaller length scales. The intricate interplay between solvent diffusion and deformation
Multiphysics of the film is governed by surface poroelasticity, and the viscoelastic deformation of the substrate. While

existing methodologies offer tools for studying coupled poroelasticity involving solvent diffusion and network
deformation, there exists a gap in understanding how coupled poroelastic processes occurring in a film attached
to the boundary of a highly deformable solid can influence its response. In this study, we introduce a non-
equilibrium thermodynamics formulation encompassing the multiphysical processes of surface poroelasticity
and bulk viscoelasticity, complemented by a corresponding finite element implementation. This study makes
significant contributions to solid mechanics and computational modeling by (i) modeling surface diffusion
coupled with a viscoelastic substrate, enabling the study of time-dependent responses critical for practical
applications, (ii) providing a robust theoretical framework for coupling two materials (film and substrate)
with distinct reference (stress-free) states, including a detailed analytical derivation of the initial state, and
(iii) efficiently modeling the thin film using a 2D mesh to avoid the need for a fine 3D solid mesh, thus
reducing computational costs while maintaining accuracy. This work contributes valuable insights, particularly
in scenarios where the coupling of surface diffusion kinetics and substrate elasticity is an important design
factor.

1. Introduction soft substrates is pivotal. Here, the deformation of these substrate mate-
rials plays a fundamental role in determining the dynamic response of
coated soft solids (Lucantonio et al., 2016; Song et al., 2020, 2023). For

instance, surface instabilities arise due to confinement during swelling

The field of soft solid mechanics has attracted significant attention
due to its diverse range of potential applications, spanning from the
design of biocompatible materials (Lin et al., 2016; Yang et al., 2020) to
investigations in mechanobiology (Baker et al., 2015; Hall et al., 2016;
Kim et al., 2020, 2023a, 2024) and tissue engineering (Mailand et al.,

or externally applied compressive stresses (Toomey et al., 2004; Li
et al, 2012; Liu et al., 2024). A similar thin-film/substrate setup

2022; Rossy et al., 2023). Additionally, it extends to advancements
in soft robotics (Martinez et al., 2014; Wallin et al., 2018), flexible
electronics (Hu et al., 2023; Fu et al., 2023), wearable electronics (Liu
and Wang, 2020), microfluidic device fabrication (Cheng et al., 2007;
Kopecek, 2009), and the development of drug delivery systems (Sta-
matialis et al., 2008; Park et al., 2017; Chen et al., 2020). In these
applications, the hydrogels and porous polymeric films are often used
for coating the substrate (Wiener et al., 2014; Delavoipiere et al., 2018;
Moreau et al., 2016; Huo et al., 2022), and the interaction of films with
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is also widely adopted in the study of mechanobiology, where cell
migration and formation of epithelial sheets can occur on soft solid
substrates (Reinhart-King et al., 2005; Tse and Engler, 2010; Rens and
Merks, 2020). Therefore, understanding the transient responses of mul-
tiphysical surface processes occurring on highly-deforming soft solid
substrates is imperative for ensuring improved predictive capabilities
for these diverse applications (Xu et al., 2020; Bjorklund et al., 2024).
In continuum thermodynamics, the non-equilibrium processes are often
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modeled with internal variables, capturing time-dependent mechanical
behaviors, such as relaxation and diffusion (Holzapfel, 2002; Song
et al., 2023).

Motivated by applications in diverse and emerging fields, we in-
vestigate a hydrogel film experiencing solvent diffusion during the de-
formation of a three-dimensional (3D) soft but impermeable substrate
to which it is rigidly bonded. Building upon prior works (Steinmann,
2008; Javili and Steinmann, 2009, 2010; McBride et al., 2011; Lucan-
tonio et al., 2016; Goodbrake and Steigmann, 2018; Dortdivanlioglu
and Javili, 2021; Kim et al., 2023b), we model the film in the context
of surface poroelasticity. As the substrate is deformed the solvent
concentration in the film can change depending on the location on the
surface and deformation history at that point. Notably, considering that
the film is tethered to the substrate surface, we describe it as a two-
dimensional (2D) structure. This work is also relevant to cases where
an impermeable polymer body has a functionalized hydrophilic surface,
enabling surface diffusion upon deformation of the bulk, and surface
elasticity also becomes important as one moves to smaller length
scales (Drelich et al., 2011; Rasitha et al., 2024). While earlier studies
laid the theoretical groundwork, finite element implementation that
considers surface poroelasticity and bulk viscoelasticity (for the sub-
strate) becomes crucial to fully understand these coupled phenomena
in the multiphysics framework.

An extensive body of work has focused on the development of
nonlinear poroelastic theories for gels (Hong et al., 2008; Chester and
Anand, 2010), and corresponding mixed finite element frameworks (Lu-
cantonio et al., 2013; Chester et al., 2015; MacMinn et al., 2016;
Xue et al., 2024; Xu and Liu, 2023, 2020; Askari-Sedeh and Baghani,
2023; Liu et al., 2023), ensuring satisfaction of the Ladyzhenskaya—
Babuska-Brezzi (LBB) condition (Babuska, 1971; Brezzi, 1974; Murad
and Loula, 1994; Bathe, 2001). Existing frameworks (Javili and Stein-
mann, 2009, 2010) address finite deformation with surface elasticity,
and subsequent extensions (McBride et al., 2011; Steinmann et al.,
2012) encompass various coupled problems. Several recent works have
also followed into this topic coupling poroelasticity with surface pro-
cesses (Ang et al., 2020; Kim et al., 2023b,a). However, considering the
poroelastic behavior of a film on a deforming substrate is non-trivial
because the wet film is initially not stress-free, and the stress-free refer-
ence state of the film is obtained in its dry condition. Thus, establishing
the initial state of composite solids consisting of a swollen film and
a finitely deforming substrate presents a significant challenge. To the
best of the authors’ knowledge, the proposed model is the first attempt
to couple diffusion within a film and the deformation of a substrate
in continuum mechanics framework and finite element simulation.
Taken together, the present work makes significant contributions to the
solid mechanics and computational modeling in the following ways:
(i) It models surface diffusion coupled with a viscoelastic substrate,
enabling the study of time-dependent responses—a critical aspect for
many practical applications. (ii) It offers a robust theoretical framework
for coupling two materials (film and substrate) with distinct reference
(stress-free) states, including a detailed analytical derivation of the
initial state. (iii) The thin film is efficiently modeled using a 2D surface
mesh to avoid the computational cost of employing a fine 3D solid
mesh. Specifically, while the diffusion within the poroelastic film is
modeled physically, the film is represented computationally as a 2D
surface mesh embedded on a 3D solid mesh. This approach reduces
computational costs while maintaining accuracy, making the method
suitable for large-scale, practical simulations.

Our study unveils multiphysical complexities not typically addressed
in the previous studies. This complexity arises from the intricate
coupling of surface poroelasticity and bulk viscoelasticity. The validity
of our theoretical predictions is established through three distinct
numerical experiments, offering valuable insights into both viscoelastic
and poroelastic relaxation driven by bulk, and surface mechanisms.
The manuscript is organized as follows: In Section 2, we describe the
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coupled theory, encompassing kinematics, balance laws, and the gen-
eral form of constitutive equations considering both bulk and surface
energetics. In Section 3, we specialize the free energies for a poroelastic
hydrogel film and a viscoelastic substrate. Section 4 details the finite
element implementation, including the weak form, normalization, and
solution procedure. Section 5 elaborates the numerical simulations for
three boundary value problems: (i) uniaxial tension of a cylindrical bar
highlighting the effect of a tension-driven deformation of a substrate,
(ii) response under bending showcasing the competing contributions
of compression and tension along with competing surface diffusion
pathways, and (iii) a rigid sphere indentation of a film/substrate
system. Finally, Section 6 provides conclusions and outlines the future
research directions.

Remark 1 (Notation). The following notations and conventions are
used throughout the text:

1. The dyad (®) and dot (-) denote the tensor and dot products,
respectively.

2. The double dot (:) denotes the double contraction over two
second-order tensors, e.g., A : B=A4;;B;,.

3. We adopt the Einstein summation convention, where repeated
indices imply summation over all values of the index.

4. Latin indices (e.g., i, j) take the values 1, 2, 3 and are used in the
context of variables describing the three-dimensional Euclidean
space.

5. Greek indices (e.g., a, f) take the values 1, 2 and are used for
variables embedded in the two-dimensional surface.

6. Bulk quantities are denoted by symbols without a tilde (e.g., A),
while surface quantities are denoted with an over-tilde (e.g., K)
for a body occupying volume ¥ and bounded by outer surface .S

7. The superposed dot (e.g., A) represents the material time deriva-
tive, and superposed check (e.g., A) denotes the prescribed
boundary condition.

8. For tensor operations:

(a) A~! denotes the inverse of tensor A,

(b) tr (A) is the trace of A,

(c) det (A) and cof (A) represent the determinant and cofactor
of tensor A, respectively.

9. The double-bracket notation ([[K]]) is used to represent the
average and jump of a surface quantity (A) over an interface
C, =08,

(W-R =W, R+ W N = (W -W) R, =YW R
Ck

where the subscripts {+}, and {v}_ denote the surface quantity
on the outward and inward of the interface, respectively, and
we define the surface outward normal vector N := N + over the
interface C.

2. A coupled continuum theory for non-equilibrium processes
2.1. Kinematics

We use the notation ¢ : (V,r) — v for the deformation of body
B, where the continuum body B moves in space from one instant of
time to another denoted by initial state V' and current state v (Fig.
1). A motion ¢ is the vector field of the mapping x = @(X,7), of a
material point in the reference configuration X € V to a position in
the deformed configuration x € v. The kinematics of a typical particle
are described by the displacement vector field in the spatial description,
u(X, 1) = x (X, )—X. The kinematics of an infinitesimal bulk element are
described by
doX,1) _

X

FX, 1) = Vx (X, 1) (2.1)
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Initial State
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Current State

Hydrogel film F f‘:
(poroelastic) ’
R
vV
Soft substrate S S
(viscoelastic)

Fig. 1. Schematic illustration of the initial and current states of a continuum body. The bulk and surface deformation gradients are denoted by F and F, respectively. The initial
volume and surface, and boundary are denoted by V and S, and L respectively. The current volume and surface, and boundary are denoted by v and s, and / respectively. The
normal vector to the surface in the reference and current configuration (N and n) and the bi-normal vector to the boundary (N and #) are shown, where the over-tilde indicates
surface quantities. Note that we assume the hydrogel film is in a fully swollen state, which is not stress-free. To define the initial stress state, we establish a reference state

corresponding to the fully dry, stress-free configuration (see Appendix A).

9~ (x,1)
0x
where F(X,f) and F~!(x,t) are the deformation gradient and inverse
deformation gradient, respectively. Note that J(X,7) = dv/dV =
detF(X, ) > 0 is the Jacobian determinant of the deformation gradient
defining the ratio of a volume element between the material and
spatial configuration. We decompose the deformation gradient into a
volumetric and an isochoric part (Flory, 1961; Holzapfel, 2002).

Fl(x,0)= =V, 0 (x,1) (2.2)

F=U'YD-F 2.3)

where J1/31 and F represent the volumetric and isochoric parts of the
deformation gradient F, and { - } denotes the dot product. Following,
we utilize { v } to denote quantities associated with the isochoric part
of the deformation.

In the context of displacement conformity on surface, the surface
displacement can be determined by ﬁ(i, 1) = u(X,1)|g, where X = X|s
is the surface position vector. When describing the motion of an arbi-
trary infinitesimal vector element dX, it is mapped by the deformation
gradient F to a vector dx in the deformed configuration. However, it
is important to note that the transformation of a unit normal vector
N from the material configuration to a unit normal vector n in the
spatial configuration cannot be accomplished using the deformation
gradient (Holzapfel, 2002; Steinmann, 2008). This distinction leads us
to follow the kinematics of an infinitesimal surface element (Kim et al.,
2020, 2023a).

F&.p= 22X0 7_ Vi X0 2.4)
X
~ 71 x. ~ ~
F X = d9” (X0 Ex’t) T=Vze (X0 (2.5)
0x

where f(;(, ) and f“(fc, t) are the surface deformation gradient and
inverse surface deformation gradient, and T=I-N®Nandi=i-n®n
are the mixed surface unit tensors with the outward unit normal vectors
N and n. Note that T and i serve as surface (idempotent) projection
tensors in the material and spatial configurations, respectively. Further-
more, F represents a mapping from the bulk (3D) to the surface (2D),
resulting in a rank-deficient tensor. Additionally, J(X,7) = da/dA =
|cof F()~(, t)-N )| > 0 denotes the Jacobian determinant of the surface
deformation gradient. This determinant defines the area ratio of a

surface element between the material and spatial configurations. We
introduce C and C, the right Cauchy—Green tensors in the bulk and on
the surface, respectively, as

C=FT.F (2.6
C=F"-F (2.7)
and I, = tr(C) is the first principal invariant. The detailed derivation
for the surface kinematics can be found in the Refs. (Green and Zerna,
1992; Steinmann, 2008; Do Carmo, 2016). Note that we cannot perform
the inverse of the surface right Cauchy-Green tensor due to its rank

deficiency. Nevertheless, we can still obtain its inverse form in the
generalized sense,

c'=1.c' I (2.8)
which will play a crucial role in our forthcoming developments as it
will be utilized to define the surface kinetic law.

2.2. Mechanical equilibrium

Mechanical equilibrium is assumed to be maintained throughout
bulk and surface motion at all times. The governing equation for this
condition in strong form is as follows:

Vy-P+B=0 in V (2.9)
P-N-Vi-P=T on S (2.10)
u=u, on S, (2.11)
[[P-NI]=0 on L (2.12)

where P and P are the first Piola—Kirchhoff stresses in bulk and on
surface, B and T are the body force and the traction vector, and u,, is the
prescribed displacement. St and S, are the boundary surfaces where
traction and displacement are prescribed, respectively. The local linear
momentum balance between the film and substrate is illustrated in Fig.
2(b). Note that a Neumann-type boundary condition is also defined
on boundary curves, where [[+]] indicates summation over surfaces
intersecting on boundary curves (Kim et al., 2023b). The Neumann-type
boundary condition is illustrated in Fig. 2(c).
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Linear momentum balance
between film and substrate
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Film

Substrate

A continuum (material) point

(c) C:
Cs
P-NorJ-N
C
BN =0
Cs [J-Nll=0

Neumann-type boundary conditions

Fig. 2. Schematic representation of the local linear momentum balance and Neumann-type boundary conditions: (a) Illustration of a continuum point within the film-substrate
system, (b) depiction of the local linear momentum balance between the film and substrate, and (c) visualization of the Neumann-type boundary conditions applied to the system.

2.3. Species balance

Here, we consider species balance only on the deforming surface
of the system, as we consider that the bulk is impermeable; thus,
we follow only surface diffusion kinetics. Through species (or mass)
balance, the strong form for the corresponding governing equation is
given by McBride et al. (2011), Kim et al. (2023b):

C+Vx-J=T7 on sS; (2.13)
J=J, on Lj (2.14)
((F-NI=0 on L (2.15)

where C represents the surface nominal concentration, which is the
number of solvent moles per unit reference area. The overdot denotes
the material time derivative. The term J stands for the surface nominal
flux, denoting the number of solvent moles per unit time per unit
reference length. The source/sink term is denoted as 7. Eq. (2.13)
describes the species balance on the surface, and for our model, we
assume 7 = 0, signifying that the species are conserved. This implies
that species neither enter the surface from the external environment nor
exit from the interior bulk. Eq. (2.13) is, in turn, supplemented by the
prescribed flux J » (Eq. (2.14)), and the Neumann-type boundary con-
dition (Eq. (2.15)), which is illustrated in Fig. 2(c). S is the boundary
surface where the species are balanced, and Lj is the boundary curve
where the surface flux is prescribed. Additionally, the initial condition
is given by

CX,1=0)=C, (2.16)

where Cj, is the initial species concentration on the surface at time ¢t = 0.

Remark 2 (Neumann-type Boundary Condition for Surface Flux). It
is important to note that 7 may include contributions from external
supply, production, or consumption, and can be written as

T=-[g-J-NI, 2.17)

where ¢ is an external source term and J - N represents the net species
flux through the boundary. In this study, we consider a closed system
with ¢ = 0 and no source or sink term, i.e., i = 0. Therefore,
the conservation condition requires the net surface flux across the
boundary to vanish:

(1J-NJ1 =0, (2.18)

where the double-bracket notation is used to represent the average and
jump of a surface quantity (see Remark 1).

2.4. Thermodynamic considerations

We consider the free energy density for both bulk and surface,
where we assume that the bulk free energy depends on deformation
and viscous dissipation, while the surface free energy is function of
deformation and species concentration (Holzapfel, 2002). On the other
hand, since we are focusing on surface diffusion, the surface free energy
can be decomposed into elastic and mixing parts (Hong et al., 2008),
as follows

¥(F,A) and ¥F,C) (2.19)

where A is an internal variable (second-order tensor) to account for the

dissipation process related to the viscoelastic deformation.
Considering a system that includes a viscoelastic substrate and a

rigidly bonded porous film with species that can freely migrate within
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the porous network, the rate of change of the system’s free energy ¢
has to account for several effects (Holzapfel, 2002; Gurtin et al., 2010;
Hong et al., 2008; Kim et al., 2023b). This can be expressed as

g’=/li/dv+/l?/ds—/3.de—/T~de—/ﬁ?ds (2.20)
14 S 14 S S

where the third and fourth terms are the rate of mechanical work by
the body force B and traction vector T, and the fifth term is the rate of
chemical work by the surface chemical potential ji. The overdot denotes
the material time derivative. Note that thermodynamics dictate that the
free energy of the system should not increase (¢ < 0), and we here
consider two dissipation processes: viscous deformation of substrate
and the solvent diffusion on film.

Substituting Egs. (2.9), (2.10) and (2.13) into Eq. (2.20), the rate of
change of the free energy of the system can be expressed as follows,

g’=/aide+/§7dS—/P:FdV—/fJ:de—/ﬁEdS
14 S |4 S S

+ /j-egﬁdS <0 (2.21)
s
where { : } denotes the double contraction. Using the chain-rule, the
rate of bulk and surface free energy densities can be expressed as
. N 5 o = 0P
Y=— :F+—:A d ¥=—
oF " T oA an & e

Substituting Eq. (2.22) into Eq. (2.21), and rearranging terms yields

_/(‘W P):FdV+/(%—l~’>:de+/<ﬂ—y>5dS

oF s \ oF s \oC

+/I-€~~d5+/£-Adv<o (2.23)
s XK v 0A - '

where each integral represents a distinct mechanism of energy dissipa-
tion, associated with mechanical and chemical works. The inequality
must hold at every point of the continuum body and at all times during
a thermodynamic process. To satisfy the constraint, the Coleman-Noll
procedure (Holzapfel, 2002) states that each integrand in Eq. (2.23) to
be either negative or equal to zero.

From the first three terms in Eq. (2.23) we obtain the following
constitutive relations

WEN 5 HEC) o HEO
JoF oF aC
for the bulk and surface first Piola—Kirchhoff stresses tensors, and the
surface chemical potentials, respectively. Additionally, to maintain that
the fourth term in Eq. (2.23) remains to be negative or zero, we adopt
a kinetic law for diffusion on surface (Kim et al., 2023b). This allows
us to maintain negative semi-definiteness and describes the consistent

species diffusion that is driven by gradients of chemical potential.

(2.22)

P=

(2.24)

J=-M Vi (2.25)
Here, M stands for the surface mobility tensor, which we will later
specialize to fully define the constitutive laws governing solvent dif-
fusion on surface. Finally, the non-equilibrium thermodynamic process
represented by the last term in Eq. (2.23) is characterized by the
internal variable for viscoelastic response.

o

0A

In the subsequent section, we will specify the evolution of the in-
ternal variable A to define the constitutive relations for viscoelastic
deformation of substrate.

:A<0 (2.26)

3. Specific material model

In this study, we make specific selections for the surface and bulk
free energy densities, along with their corresponding constitutive laws
and the definition of mobility tensors. Our focus is on a compressible
viscoelastic substrate, and a hydrogel film that is rigidly bonded and
allows surface diffusion kinetics coupled with its deformation.
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3.1. Bulk free energy density for soft substrate

We consider the decomposition of the bulk free energy into elastic
and viscoelastic components, denoted as ¥ (F,A) = lI’e(F)+’I’U(F, A). For
the elastic part, we employ the compressible hyperelastic model for the
bulk free energy density (Holzapfel, 2002; Kim et al., 2023b). Regard-
ing the viscoelastic part, we adopt a finite viscoelastic model (Linder
et al.,, 2011). This choice allows us to account for the viscoelastic
behavior of the material within our formulation.

. (F) = g(h —3—21nJ)+§(J—1)2 @1

G, -
¥, (F.A) = = (A : C =3 — In(det A)) (3.2)

where G and K are the shear and bulk moduli, and G, is the viscous
modulus for the substrate. It is worth emphasizing that the viscoelastic
free energy density ¥, depends on two key variables: (i) The modified
right Cauchy-Green tensor C = F F, which indicates that the material’s

volumetric response remains fully elastic. (ii) The internal variable A,
which describes the material’s relaxation behavior and encompasses
viscoelastic effects.

3.2. Surface free energy density for hydrogel film

Building upon the previous approach (McBride et al., 2011; Lucan-
tonio et al., 2013, 2016; Kim et al., 2023b,a), we decompose the surface
free energy density of the polymer film into two distinct components:
EI’(F C) T (F) + 'P (C) Unlike the standard Flory free energy (Flory
and Rehner Jr., 1943; Flory, 1961), which is defined with respect
to a dry, stress-free reference configuration, our study considers the
“initial state” of the hydrogel as fully swollen and attached to the
substrate. This initial state is not stress-free due to swelling-induced
deformation. To account for this, we introduce the “initial swelling
stretch” 7,, which quantifies the volumetric change due to swelling.
The relationship between the “reference state” (dry) and “initial state”
(swollen) is shown in (Fig. 1).

"~ 1 G=~ ~
P ==2 |21, -2-21 .
= 23[R -2-2m(57)] (3:3)
. B kpT | ~~ ~ 1+QJ,C 7
7,0 =-L% 155 0 )+ —£ (3.9
I, @ QJ,¢ 1+ Q7J,C

where 7, and ¥, are the free energy densities per unit area at initial
(swollen) state, and 4, and J, are initial stretch and Jacobian deter-
minant of the surface deformation gradient with respect to the dry
configuration of the film. G = Nk,T denotes the surface shear modulus
at dry state, where N is the number of polymer chains on the film
hydrogel per unit area, kp is the Boltzmann’s constant, and T is an
absolute temperature. Q corresponds to the area occupied by a solvent
molecule on the surface, and 7 is a surface Flory parameter quantifying
the degree of polymer-solvent mixing. The parameter § is introduced
to account for the number of 2D layers in the surface zone (Kim et al.,
2023b).

The absorption of solvent into the hydrogel film induces volumetric
changes. In modeling the kinematics of a swelling material surface,
both thickness variation and areal change should be considered (Lu-
cantonio et al., 2016). However, in this study, we neglect thickness
variation due to the thinness of the film. As a result, the species
concentration is assumed to be solely proportional to the areal change.
Following Hong et al. (2008), Kim et al. (2023b), we assume that
the polymer chains and the diffusion species are individually incom-
pressible. The hydrogel, being a condensed matter with negligible void
space, experiences area changes primarily due to species diffusion:
1+3Cy =T, and 1+3(C-G)) =7:5=50+% 3.5)
where the initial concentration C, is determined by the initial stretch
7, that can be determined by the initial chemical potential ji, and their
analytical expression can be found in Appendix A.
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Remarks: Energetic consideration in a film/substrate system

For the substrate, we assume that the initial state coincides with the
reference (stress-free) state. However, for the porous film, the reference
(dry) state and the initial (swollen) state are different. It is important
to note that the free-swollen film is attached in a planar fashion to
the substrate, and the general kinematic description takes that state
as the initial state. To account for the different reference states and
to simultaneously describe the mechanical behavior of the film and
substrate, it is necessary to incorporate the initial swelling into the
free energy formulation of the film. This consideration leads to the
inclusion of the factor 1/ f() in Egs. (3.3) and (3.4) (a detailed discussion
can be found in Appendix A). It is also important to note that the
kinematics of proposed model does not explicitly consider the film’s
thickness, i.e., the surface energy is derived in 2D while attached to the
3D substrate. However, the thickness effect of the film is accounted for
by introducing the parameter § in Eq. (3.4). Additionally, the species
diffusion in thin hydrogel films is assumed to occur within the film
layer, neglecting diffusion in the thickness direction.

3.3. Evolution equation for viscoelasticity

To fully define the constitutive relation for the viscoelastic response
as described in Eq. (2.26), governing the free energy relaxation in Eq.
(3.2), we specify the evolution of internal variable A as follows (Linder
et al., 2011)

. —1
A=l(c —A). A(Xag) =1 (3.6)
Tr
—1
where 7, is the characteristic time scale of relaxation. When C = A

is satisfied, it indicates that the system reaches equilibrium and the
viscoelastic response is fully relaxed.

3.4. Constitutive equations

Since the chemical boundary conditions for hydrogels are often
specified in terms of chemical potential or diffusion flux (proportional
to the gradient of chemical potential), it is convenient to use the
chemical potential (instead of solvent concentration) as an independent
variable in the finite element formulation. Additionally, this allows us
to avoid C! continuity requirements (see Appendix B). For this purpose,
we rewrite the free energy densities as a function of the deformation
gradient and chemical potential through a Legendre transform (Hong
et al., 2008, 2009; Kim et al., 2023b), which replaces a variable with
its thermodynamic conjugate:

PF, ) =PF C) - jC 3.7)

After the Legendre transform, similar to Eq. (2.24), the constitutive
relations can be rewritten as follows:

_WEA 5 AP, ) nd &= P, i)

P , =
oF oF ou

(3.8)

It is important to note that P must be modified to reflect the incom-
pressibility constraint (Eq. (3.5)) used to eliminate C as an independent
variable, since the nonlinear algebraic equation in Eq. (3.11) does not
yield a closed-form solution. The derivation of the surface first Piola—
Kirchhoff stress can be found in Appendix A. The specific constitutive
relations are obtained as follows:

P=G(F-F")+K(W-DIFT+G,/ 2 F [A-1a: OC!

(3.9)
P= I (RF+aTFT),
Jo
- _
E:—1~+NL~ Jyln 1—% +l~+%——~oi (3.10)
J NQ JoJ J Ty g2 p ksT
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(3.11)

where these are the specific forms of the constitutive relations for the
first Piola—Kirchhoff stresses and the chemical potential on the surface.
Although Eq. (3.11) is derived based on thermodynamic considera-
tions, it is not employed in the numerical implementation due to its
nonlinear structure and lack of a closed-form solution. Instead, the
incompressibility condition in Eq. (3.5) is used to determine the surface
concentration C as a function of deformation. This is justified by the as-
sumption of negligible voids in the hydrogel and the incompressibility
of both the polymer and solvent components.

3.5. Surface diffusion

To complete the constitutive relation for the kinetic law governing
surface diffusion in Eq. (2.25), we specify the surface mobility tensor
as follows:

M= _—2C"

3.12
or (3.12)

The diffusion coefficient of the solvent molecules D on the surface
is assumed to be isotropic and independent of the deformation and
concentration as the simplest approximation (Kim et al., 2023b).

4. Mixed finite element formulation

This section outlines the finite element formulation based on the
nonlinear theory presented in Sections 2 and 3 using FEniCS (Logg
et al., 2012; Alnaes et al., 2015) for the implementation. The weak form
of the governing equations is introduced, followed by an explanation of
the normalization, discretization, and the nonlinear solution process. It
is important to note that, in this section, we concentrate on the surface
diffusion coupled with the deformation of the substrate; therefore, we
do not consider the source terms, i.e., 7 = 0.

4.1. Two-field weak form

The weak form of the problem is obtained by using a set of test
functions, which satisfy the necessary integrability conditions (Hughes,
2012). By multiplying Egs. (2.9) and (2.13) with the test functions Su
and 6y, and integrating over the domain, respectively, then we obtain
that

/P : szudv+/f> : Vgouds =0 (4.1
Vv N

/c*aﬂds-/jﬁ;(ﬁﬂds:o (4.2)
S N

The statement of the weak form is to find the trial functions, {u, i} €
S. X Sp, such that the integrals in Eqs. (4.1) and (4.2) are satisfied for
any permissible test functions, {éu, i} € Vs, X Vs;. We note that the
mobility tensor M is inversely proportional to the Green deformation
tensor C—! (Eq. (3.12)), which accounts for finite deformation and
its effect on the porosity of the film. This dependence introduces a
constitutive coupling between deformation and diffusion. Additionally,
the incompressibility condition J= 1+.Q~(5—50) (Eq. (3.5)) introduces a
geometric coupling between deformation and the surface concentration
C. Consequently, the weak forms of deformation (Eq. (4.1)) and surface
diffusion (Eq. (4.2)) are fully coupled, which is addressed by solving
them simultaneously using the monolithic solver in Eq. (4.20). We
denote the set of all functions that are admissible trial functions by S,
and Sy,

S,={ulueH' u=u,ons,} (4.3)
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Sy={H|ieH", i=F,onS;} (4.4)

where u, and i, are the prescribed values on Dirichlet boundary

conditions. Similarly, the set of all admissible test functions are denoted
by V;, and Vs s

Vs, = {6u|sue H' su=0o0ns,} (4.5)
Vsz = {6f|6fi € H', 6ji =0 on S;} (4.6)

where 7' denotes Sobolev spaces of degree one.

4.2. Normalization

For the finite element simulations in the following section, all
variables and parameters are normalized, as denoted by the overhat
notation {*}. All lengths are normalized by a characteristic dimension,
H = 5/ G (shear moduli ratio). The chemical potential and stresses are
normalized as follows,

==t 4.7)

aw
N
il
~>
|~

(4.8)

where r, = H?/D is the characteristic time scale of diffusion.
By substituting the normalized variables into the weak forms in
Egs. (4.1) and (4.2), we can obtain the normalized weak forms.

/f) Viaﬁd17+/1> VesidS =0 (4.9)
/—5 s - /J —”ds 0 (4.10)
S S

where the normalized flux is defined by

Jj=-cc! ﬁiﬁ (4.11)

4.3. Temporal discretization

To update the species balance, the backward Euler scheme is used
to integrate Eq. (4.10) over time:

/ L (Givai _Gi 5,7-/3”4?-?25,% d$=0
s LAt s X

where the superscripts indicate the time step, at the current time step
(f+ A7) or the previous step 7. We can combine Egs. (4.9) and (4.12) as
follows:

(4.12)

/13 : Vﬁéﬁdf}+/ﬁ : VesidS
v s X

2 &\ A A .
+/ c-C 5;7dS+At/<CC‘
s s

where the superscript (7 + A7) is omitted for all the terms at the current

>VA6;4dS 0 (4.13)

time step and €' and C' are the species concentration at the previous
time step in the bulk and on the surface.

Note that, we also adopt the backward Euler scheme with Eq. (3.6)
to update the viscoelastic response, resulting in the update of the
internal variable A.

S S— [A’ (ra/7,) 4iC ] (4.14)
1 + (Td / T
where the terms without the superscript are at the current time step,

and A’ is the internal variable at the previous time step.
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4.4. Spatial discretization

A mixed finite element method is employed to concurrently solve
for the normalized displacement and surface chemical potential fields.
To circumvent potential numerical instabilities associated with the
mixed method, appropriate spatial discretization techniques are essen-
tial (Kim et al., 2023b,a). In this context, we adopt the Taylor-Hood
element (Taylor and Hood, 1973), where the displacement and surface
chemical potential are interpolated using quadratic and linear orders,
respectively. It is important to note that linear interpolation is only
utilized on the surface, where hydrogel film is applied.

The normalized displacement and chemical potential are interpo-
lated through the domain of interest as

A~

G=HY%", F=H" (4.15)

where H® and H¥ are the shape functions, " and ﬁ” are the nodal val-
ues of the normalized displacement, chemical potential, respectively.
The test functions are discretized in the same way
HA S

st = Hs0", &f= (4.16)

The stresses, concentrations, and fluxes are evaluated at integration
points, depending on the gradients of the displacement and chemical
potential via the constitutive relations. Taking the gradient of Eq.
(4.15), we obtain that

(4.17)
(4.18)

where B® and B¥ are the gradients of the shape functions.
4.5. Nonlinear solution

The weak form in Eq. (4.13) can be expressed as a system of
nonlinear equations,

N@=f with d= [A" ~"] (4.19)

Note that N'(d) denotes the part of the weak form that is not known
at current time step, and we take all the known quantities to the
right-hand side and denote as f (which is known from previous time
step). The residual of nonlinear equations in iteration step i is given
by R; = f — N(d,), which can be solved using the Newton-Raphson
method. In particular, the procedure requires the calculation of the
tangent Jacobian matrix at each iteration, namely,

on

(4.20)
od |,

-

[Kﬁﬁ KA

The coupled system in Eq. (4.20) can be solved either through a
fully coupled “monolithic” method or a sequentially solved “staggered”
method. The monolithic scheme is unconditionally stable with the
backward Euler time-stepping. For these reasons, although the stag-
gered solution scheme has the advantage of lower computational cost
and utilization of existing solvers, we choose the monolithic method in
this study.

In this study, the governing equations are implemented using FEn-
iCS, an open-source platform for solving partial differential equations
(PDEs) via the finite element method (FEM). Unlike commercial soft-
ware, FEniCS offers flexibility to define new PDEs and constitutive
laws, enabling the implementation of novel formulations. For example,
the surface kinematics and diffusion in the present study are not
available in the commercial software. FEniCS version 2019.2.0 (Logg
et al., 2012; Alnes et al.,, 2015) is used to numerically solve the
coupled non-linear equations via the Portable Extensible Toolkit for
Scientific Computations (PETSc) Scalable Nonlinear Equations Solvers
(SNES) interface (Balay et al., 2019). This process repeats until a level
of convergence specified within the SNES solver. At each iteration,
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Fig. 3. Temporal sequence of (a) internal variable, (b) bulk stress, and (c) surface stress during the tension of a bar, with all variables normalized. The images are captured at
normalized times 7/7 = 0.0, 0.01, 2.0, and 1.9 x 10° from left to right, labeled as Step 1, 2, 3, and 4, respectively.

the block Jacobian matrices are set up using Multiphenics (Ballarin,
2019), a python library that also facilitates the definition of boundary
restricted variables within FEniCS, a feature necessary for dealing in
our case with the surface concentration.

5. Numerical examples

We explore the transient responses of three initial and boundary
value problems, involving the viscoelasticity of a soft substrate and the
surface diffusion of a hydrogel thin film (Fig. 1 for general setup). The
numerical studies include: (1) uniaxial tension of a cylindrical bar, (2)
bending of a rectangular beam, and (3) rigid sphere indentation of a
planar film/substrate system. In these examples, we consider kzT =
4 x 10721 J/mol. For the soft substrate, the shear and bulk moduli are
set as G = 1.0N/m? and K = 2.16N/m?, leading to a Poisson’s ratio
of v = 0.3. Additionally, the viscous modulus is considered as G, =
1.0N/m?. Regarding the hydrogel film, the surface shear modulus at
dry state is assumed to be G = 1072 N/m, and characteristic dimensions
of H = 102m and N@/f = 10~3 (dimensionless). This study focuses
on the surface diffusion pattern driven by substrate deformation. To
minimize the impact of distinct time scales between surface diffusion
and the viscoelastic effects of the substrate, the characteristic time scale
issetas v :=1; =17, = 1.0sec.

To investigate the transient response that follows mechanical load-
ing, we employ a two-stage process. In the first stage, we linearly ramp
the displacement boundary condition from zero to its prescribed value
within the time interval #/z € [0.0,0.01]. This interval is deliberately set
small, representing only 1% of the characteristic time scale for surface
diffusion and viscoelasticity responses. Therefore, in the first stage,
the non-equilibrium processes are negligible. In the second stage, we

exponentially increase the time steps 4t/7 until equilibrium is attained,
while keeping the boundary conditions constant. This longer time step
allows us to capture the surface diffusion and substrate relaxation
processes as time progresses. The initial state of the hydrogel film is
determined by setting the surface Flory parameter 7 = 0.7705 and
initial chemical potential 7, = 0 (a fully swollen state). By solving
the non-linear algebraic equation (Eq. (A.5) in Appendix A), the initial
stretch is obtained as ZO ~ 1.41; subiequently, the normalized initial
solvent concentration is obtained by C, ~ 1.0.

5.1. Uniaxial tension of a cylindrical bar

This example investigates the non-equilibrium response of a soft
bar subject to uniaxial tension. At the undeformed state, the radius of
circular cross-section is H and the length of the bar is 2H. The soft bar
is considered to be covered by a hydrogel film on its free surface but
not on the clamped ends. Initially, the bar and film are stress-free, and
the body force is ignored. The two-stage solution procedure detailed
above is followed here. On end of the bar is clamped and held fixed,
while the other end is clamped and displaced along the axis of the bar
(Z axis). Prescribed displacement is linearly ramped for the first stage
of the solution procedure, and held fixed for the remainder. The non-
homogeneous deformation profile that the bar attains during loading,
is what drives surface diffusion.

In Fig. 3, we present the temporal evolution of the finite element
simulation for the internal variables, bulk and surface stresses. Si-
multaneously, in Fig. 4, we display the temporal evolution of surface
chemical potential, concentration, and flux, with all values normalized.
To focus on the contour plot on two sections of the interior along with
the field on the surface, we have removed a quarter of the domain from
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are captured at normalized times ¢/7 = 0.0, 0.01, 2.0, and 1.9 x 10° from left to right, labeled as Step 1, 2, 3, and 4, respectively.
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Fig. 5. Surface concentration profile during uniaxial tension of a cylindrical bar.
Normalized surface concentrations (2C) are tracked over normalized time (/7). Four
representative profiles are shown at 7/r = 0.0, 1.0, 2.0, and 1.9 x 10°. The surface
concentrations are measured at reference positions along the longitudinal direction (Z
axis) of the bar.

the images of internal variables and bulk stresses in Figs. 3(a) and (b).
For better visualization of surface fluxes in Fig. 4, we show the fluxes
on a quarter of the bar. The images are captured at normalized times

t/t = 0.0, 0.01, 2.0, and 1.9 x 10° from left to right, labeled as Step 1,
2, 3, and 4, respectively.

In Step 1 of Figs. 3 and 4, the bar represents the initial state, where
the initial chemical potential is ﬁ =0, and the concentration is C = 1.
Step 2 of Figs. 3 and 4 corresponds to the time step where the boundary
conditions are linearly ramped up to an end-to-end 10% extension.
Note that Step 2 at time 7/r = 0.1 is significantly smaller (7 orders
of magnitude) compared to the equilibration time at Step 4, 1.9 x 10°.
As the bar is stretched, both bulk and surface stresses increase (Step
2 in Fig. 3(b) and (c)), and the surface chemical potential decreases
(Step 2 in Fig. 4(a)). Although the time steps are very small in Step
2, the surface flux is observed at the boundary edges as a result of the
deformation (Step 2 in Fig. 4(c)); however, the time step is so small that
the surface concentration is nearly unchanged (Step 2 in Fig. 4(b)).

Beyond Step 2, and for the remainder of the transient response,
the displacement boundary condition is held fixed at a 10% overall
extension, and we exponentially increase the magnitude of the time
steps toward equilibrium. In Step 3, the bar continues to deform
primarily due to the viscoelastic relaxation of the substrate, but also due
to the surface diffusion of the film. Specifically, the internal variable A
increases (Fig. 3(a), Step 3), leading to the relaxation of bulk stress (Fig.
3(b), Step 3). This relaxation drives the surface diffusion of the film
(Fig. 4(c), Step 3) and results in heterogeneous surface concentration
(Fig. 4(b), Step 3). Interestingly, the surface stress increases (contrary
to the stress drop in the bulk) because the film is assumed to not be
viscoelastic (Fig. 3(c), Step 3). The system reaches its equilibrium state
at Step 4. This is confirmed by the homogeneous chemical potential
(Fig. 4(a), Step 4) and negligible surface flux (Fig. 4(c), Step 4).
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Fig. 6. Temporal sequence of (a) bulk stress, (b) surface chemical potential, and (c) surface concentration during the bending of a beam, with all variables normalized. The images
are captured at normalized times ¢/7 = 0.0, 0.01, 2.0, and 1.9 x 10° from left to right, labeled as Step 1, 2, 3, and 4, respectively.

To further investigate the heterogeneous concentration distribution
during uniaxial tension, four representative surface concentration pro-
files are plotted at ¢/ = 0.0, 1.0, 2.0, and 1.9 x 10° with respect to
the referential positions for comparison (Fig. 5). Initially, the surface
concentration is uniformly set to unity. During the uniaxial tension
process, the surface concentration increases at the clamped ends (Z =0
and Z = 2) while decreasing in the interior. This trend persists until the
equilibrium state. Interestingly, the positions of maximum concentra-
tion are not located exactly at the ends, but are slightly shifted (Z ~ 0.1
and Z »~ 1.9). Additionally, the positions of minimum concentration
are not at the center (Z = 1), but are instead slightly shifted away
from the center (Z ~ 0.82 and Z ~ 1.18). Note that the solution should
theoretically be symmetric at Z = 1 due to the symmetric geometry;
however, small perturbations, such as finite element mesh distortions,
may affect the numerical process, leading to slight asymmetries in the
solution.

5.2. Bending of a soft beam

In this example, we explore the non-equilibrium responses under
bending conditions. The edge length of the cross-section is set as H,
and the length of the bar is 2H. Initially, the cylinder and film are
stress-free, and the body force is ignored. Unlike the previous example
in Section 5.1 where we focused on stretching, here we probe a more
complex scenario involving bending. For the boundary conditions, we
linearly ramp the displacement boundary condition from zero to its
prescribed value within the time interval ¢/z € [0.0,0.01]. During this
interval, both ends of the beam gradually rotate up to 26.56 degree
around the center-line, resulting in the upper part of the beam being
stretched and the lower part being compressed.

In Fig. 6, we showcase the temporal evolution of the finite element
simulation for bulk stress, surface chemical potential, and surface con-
centration, with all values normalized. To focus on the contour plot
on two sections of the interior along with the field on the exterior, we

10

1.03 T T T
1.021 . ]

1.01F / 1

n (OC)

Normalized concentratio

o
o
@
:

-
-

/
.

0.96 ~ b

0.95 \ ) . \ )
107 1072 10° 10° 10*
Normalized time (¢/7)

108

Fig. 7. Normalized surface concentrations (C) at top and bottom points tracked
over normalized time (¢/7z). During the bending of the beam (s/r < 0.01), the surface
concentrations at the top and bottom are nearly the same. However, as the bending
progresses, the surface concentration at the top (under tension) increases, while the
one at the bottom (under compression) decreases.

have removed a quarter of the domain from the images of bulk stresses
in Fig. 6(a). The images are captured at normalized times t/z = 0.0,
0.01, 2.0, and 1.9x 10° from left to right, labeled as Step 1, 2, 3, and 4,
respectively. In Step 1 of Fig. 6, the beams represent the initial states,
where the initial conditions remain the same as in the previous example
(Section 5.1). Step 2 of Fig. 6 corresponds to the time step where the
boundary conditions are linearly ramped up to a 26.56 degree rotation.
As the beam bends, bulk stresses increase, particularly at the sharp
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Fig. 8. Schematic illustration of the initial and current states of indentation-induced deformation and diffusion in a film-coated soft block. In the initial state, the rigid indenter has
a radius R, and its surface is described by h(x, y). In the current state, the rigid indenter pushes the block to a depth of d, resulting in surface diffusion and substrate deformation.

edges and corners. The surface chemical potential and concentration
decrease, but some boundary effects near both ends are observable.

Beyond Step 2, for the remainder of the transient response, the
boundary condition is held fixed, and we exponentially increase the
time steps toward equilibrium. Throughout the transient analysis, our
focus is on observing non-equilibrium responses and their multiphysical
complexities. In Step 3, the beam continues to deform beyond the
fixed boundary condition, representing the viscoelastic response. While
observing the relaxation of bulk stress, we interestingly note stress
concentration at the corners (Fig. 6(a), Step 3). This relaxation leads
to the heterogeneous surface chemical potential of the film (Fig. 6(c),
Step 3) and results in heterogeneous surface concentration (Fig. 6(b),
Step 3). The non-equilibrium processes persist, and the system reaches
the equilibrium state at Step 4. The boundary effect disappears, and
we observe an increase in surface concentration in the upper stretched
part and a decrease in the lower compressed part. We plot the surface
concentration at the top and bottom surfaces, corresponding to the
stretched and compressed regions, respectively (Fig. 7). Interestingly,
the concentrations remain almost the same until 7/7 ~ 1, even though
the beam is completely bent. However, as the non-equilibrium pro-
cesses continue, the surface concentration at the top surface increases,
and the surface concentration at the bottom surface decreases. This
observation emphasizes the impact of the viscoelastic response on
surface diffusion.

5.3. Rigid sphere indentation of a film/substrate rectangular block

The indentation test is particularly important for characterizing
the mechanical properties of soft films (Kolesnikov and Shatvorov,
2022; Che et al., 2024), a critical aspect of advanced mechanical
design, such as in the development of nano-indentation test techniques
of identifying the constitutive parameters for soft tissue and mem-
brane (Deuschle et al., 2007; Giolando et al., 2023), the development
of high-performance semiconductor packaging (Tsui and Pharr, 1999;
Sharma et al., 2022) and the development of robotic skin and sen-
sor (Park et al., 2022; Hegde et al., 2023). However, there is limited
understanding of the effect of surface diffusion and substrate viscoelas-
ticity between the film/substrate system and the indenter, which can
significantly impact the accurate characterization of material properties
in thin soft films. Motivated by these observations, this study explores
the transient response to indentation, highlighting both viscoelastic and
poroelastic relaxation phenomena. The top and bottom dimensions (x-y
plane dimension) are set as an edge length of H, and the height is H /2.

11

Regarding boundary conditions, the bottom surface is clamped, and
the remaining surfaces are stress-free, and the body force is ignored.
Notably, the indenter is not explicitly modeled, but we only consider
the surface of the rigid indenter as follows.

1
h(x,y) = hy+ 3R (x2 + yz) 6.1

where hy, is the initial gap between the top surface and the tip of the
rigid indenter. If 2 > 0, there is no contact between both surfaces;
contact appears only if 4 < 0. We linearly ramp the rigid indentation
from zero to its maximum depth d = 0.1H within the time interval
t/r € [0.0,0.01], where the radius of the rigid indenter is R = 0.2H
(Fig. 8). To facilitate this, we use the contact formation with penalty

approach, which leads to the pressure p on the contact surface:
p=k,(—g) where g=h-u, (5.2)

where (x) = (|x| +x)/2 is the Macaulay brackets, k, is the penalty
coefficient, g is the gap, and u, is the displacement in the direction z.
The weak form to account for the contact problem of rigid indentation
can be formulated as:

/f) : Vﬁﬁﬁdﬁ+/f’ : VesidS
v s X

& &\ A A~ A
+/(C—C)6;7dS+At/
K

S
+ z/ (@, - hysa,dS =0

top

A= &2\ & 2.0
<CC V)N(M) Vf(éu ds
(5.3)

The last term on left-hand side in Eq. (5.3) is the penalty formulation
for contact problem (Belytschko et al., 2014; Bleyer, 2018), where Siop
denotes the top surface of the rectangular block, and the weak form
is normalized with respect to the characteristic length scale H. The
normalized penalty coefficient is set as @p = 100, which is sufficiently
larger than the material moduli.

In Fig. 9, we showcase the temporal evolution of the finite element
simulation for surface chemical potential, concentration and flux, with
all values normalized. The images are captured at normalized times
t/tr = 0.0, 0.01, 2.0, and 1.9 x 10° from left to right, labeled as Step
1, 2, 3, and 4, respectively. In Step 1 of Fig. 9, the block represent
the initial state, where the initial conditions remain the same as in the
previous examples (Section 5.1). Step 2 of Fig. 9 corresponds to the time
step where rigid indentation reach the prescribed depth. As the indenter
punch the block, surface chemical potential decreases (Fig. 9a), which
leads to the surface flux into the indented (or contacted) region (Fig.
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captured at normalized times ¢/7 = 0.0, 0.01, 2.0, and 1.9 x 10° from left to right, labeled as Step 1, 2, 3, and 4, respectively.
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Fig. 10. Surface concentration profile during rigid sphere indentation. Normalized
surface concentrations (QC) are tracked over normalized time (7/7). Four representative
profiles are shown at ¢/r = 0.0, 1.0, 2.0, and 1.9 x 10°. The surface concentrations
are measured at reference positions along the centerline on the top surface of the
rectangular block. Note that the radius of the rigid indenter is 0.2, but the radius of
the actual contact area is smaller than 0.2 (Fig. 8).

9c¢). Beyond Step 2, for the remainder of the transient response, the
indentation depth is held fixed, with the rigid indenter kept in position,
and we exponentially increase the magnitude of the time steps toward
equilibrium. In Step 3, the block continues to deform, representing the
viscoelastic response. The system reaches the equilibrium state at Step
4, where there is heterogeneous surface concentration and deformed
substrate.

To further investigate the heterogeneous concentration distribution
during indentation, four representative surface concentration profiles
were plotted at t/z = 0.0, 1.0, 2.0, and 1.9 x 10® with respect to
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the reference positions (Fig. 10). Initially, the surface concentration
is uniformly set to unity. During the indentation process, the surface
concentration increases near the contact area (from X ~ 0.3 to X ~ 0.7)
while decreasing in the outer regions (from X ~ 0.0 to X ~ 0.3 and from
X ~ 0.7 to X ~ 1.0). Interestingly, at equilibrium (¢/7z = 1.9 x 10°), this
trend is reversed. Notably, the maximum concentration positions are
not near the contact area but rather at the corners (X ~ 0.05 and X ~
1.95), while the minimum concentration occurs at the center (X = 0.5).
This observation suggests that while species accumulate in the contact
region during indentation, they flow out due to substrate relaxation.
Additionally, it is noteworthy that the total amount of species on the
top surface increases during both indentation and relaxation, indicating
that species migrate from the side surfaces to the top surface.

6. Discussion

A comprehensive multiphysics model, integrating surface diffusion,
surface elasticity and bulk viscoelasticity, has been introduced and
implemented using finite element analysis. The governing equations for
non-equilibrium processes in a continuum body are established for sur-
face poroelasticity and bulk viscoelasticity, with constitutive relations
derived in a thermodynamically-consistent manner. This formulation
is specialized for a hydrogel film and impermeable viscoelastic soft
substrate. The numerical solution, is based on a mixed finite element
method and implemented using the open-source framework FEniCS.

In the first example, involving the stretching of a cylindrical bar
(Figs. 3-5 in Section 5.1), evolution of internal variables, bulk and
surface stresses, surface chemical potential, concentration, and surface
flux are examined. Contrary to expectations, the results in Fig. 3(c)
show that film stress does not relax similar to substrate stress relaxation
but has an opposite trend, highlighting the significant role of multi-
physical complexities in comprehending the responses of soft solids.
The second example (Figs. 6 and 7 in Section 5.2) further investigates
the bending of the beam to test the more complex scenarios, which
reveals significant differences in the pathways of species migration.
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This observation clarifies that the surface diffusion and substrate re-
laxation could be important in the species distribution on the film.
In the third example (Section 5.3), we delve into the more practical
scenario of indentation-driven deformation and diffusion, considering
the widespread use of hydrogel films in engineering applications such
as sensors, drug delivery systems, and biomedical engineering. In this
numerical study (Figs. 9 and 10), we reveal that in the early stages, the
solvent within the film flows into the indented region, while the sub-
strate deformation is concentrated primarily within the contact area.
As the transient process progresses, the solvent migrates toward the
corners of the substrate, causing deformation outside the initial contact
region. This observation provides crucial insights into the indentation
testing used to characterize the mechanical properties of hydrogel-
based films. For example, the proposed methods could be employed to
better interpret load-displacement curves in indentation tests, offering
an alternative to the classical Hertzian solution.

The presented studies were not without their limitations. First, the
proposed model does not account for variations in film thickness. In
this research, we adopt the incompressibility condition, which indicate
the species concentration is deterministic with respect to the substrate
deformation. In the future work, one may solve the three-field weak
form of three independent variables (displacement, chemical potential,
and species concentration) for more general simulation (Kaessmair and
Steinmann, 2016; Kaessmair et al., 2021). Second, this study assumes
incompressibility of the molecular species and film networks, ignoring
any potential void spaces. In reality, films may contain void spaces
and exhibit some compressibility, which could affect their behavior.
Third, this study does not explore the differing time scales of surface
diffusion and substrate viscoelasticity. While it would be interesting
to investigate how these distinct non-equilibrium processes compete
during transient responses, this study assumes that the time scales are
identical, focusing primarily on the heterogeneous surface concentra-
tion in response to substrate deformation. Fourth, the numerical tests
have not been validated with experimental data. The material prop-
erties and time scales were selected for convenience in finite element
simulations, rather than being based on experimental measurements.
To alleviate this limitation and provide mechanical insights through the
numerical tests, the finite element simulations were conducted using
normalized material properties.

Although this study has some limitations, it still provides valuable
insights into the behavior of 3D film/substrate systems. Notably, the
continuum mechanics formulation presented for these systems is non-
trivial, given the non-matching initial and stress-free reference states
of the film and substrate. A key finding is the significant impact of
multiphysical processes and their intricate coupling, suggesting that
surface diffusion could be an important design factor in advanced man-
ufacturing processes, particularly for films with porous properties. For
example, in the uniaxial tension test discussed in Section 5.1, one might
expect the species concentration to be lowest at the center of the bar
due to symmetry. However, the results deviate from this expectation
(Fig. 5), highlighting the complexity of film/substrate interactions and
the necessity for advanced theoretical and computational frameworks.
Additionally, the variation in surface concentration could significantly
affect the outcomes of indentation tests. As demonstrated in the numeri-
cal indentation test (Figs. 10), surface concentration changes during the
indentation and relaxation processes, underscoring the need to account
for species concentration when aiming for more accurate and efficient
measurements of the mechanical properties of thin films. These findings
could be leveraged in the design of soft material-based engineering
components.

7. Conclusion
In this paper, we investigated the time-dependent response of a

porous film on a viscoelastic substrate. The governing equations were
derived in a thermodynamically consistent manner, based on nonlinear

13

European Journal of Mechanics / A Solids 113 (2025) 105713

poroelastic theory, incorporating surface kinematics to eliminate the
need for 3D meshing of the film, instead utilizing a 2D mesh em-
bedded on the substrate. Three loading conditions were considered,
and our findings highlight the intricate interplay between competing
multiphysical processes. These results provide a robust theoretical and
computational mechanics framework for investigating the effects of
mass transport on viscoelastic substrates.

For future work, it would be interesting to extend our model to
include surface instability mechanisms, such as wrinkling, which could
significantly enhance or suppress surface diffusion in a controlled,
patterned manner. Additionally, applying the indentation test from Sec-
tion 5.3 to estimate the mechanical properties of thin films with cross-
validation against experimental data, where surface diffusion and sub-
strate relaxation are non-negligible, represent an interesting direction
to pursue.
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Appendix A. Derivation of surface stress and algebraic equation
for free swelling stretch

In Fig. A.11, the homogeneously swollen stress-free (initial) state
can be described using the initial stretch ratio ;fo and the corresponding
deformation gradient F,, = IOT, with the corresponding surface Jacobian
determinant given by .70 = :1?) The deformation of the film on the
substrate can be described using surface kinematics denoted by F
(Fig. 1). As the solvent concentration C is defined with respect to the
initial (swollen) state, and the solvent concentration with respect to the
dry state is given by J,,C.

By performing a Legendre transform, the surface strain energy
density at the initial (swollen) state can be written as:

FE D =52 [RT -2-2m(57)] - #C
2_]0

FkpT | xn ~ (1+82J,C 7
AT YRty il ) I S
J, @ QJ,C 1+QJ,C

The surface first Piola—Kirchhoff stress can be derived by constitu-
tive relation of Eq. (3.8),

(A.1)
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Fo =XO’T

Jo=det(Fo) |

Initial (swollen) state

—

Reference (dry) state

Current state

Fig. A.11. Schematic illustration of the dry, swollen (initial), and current states of a hydrogel film. The initial state represents the free-swollen hydrogel given the initial chemical
potential 7, isotropically scaled from the reference state. The stretch and the Jacobian determinant are denoted as 4, and J,,. The swollen hydrogel is attached to the substrate
that is assumed to be initial state (also Fig. 1), and its current state is characterized by the surface deformation gradient F.

PE.= 2 (RF-FT)- L7FT
Jo Q
T B
PN 0 /Y (SR S I S 40 S (A2)
Jo JoJ J o JyJ?

which corresponds to Eq. (3.10) in manuscript. The initial conditions
for hydrogel film at free swollen state are given by:

Jo=22, fi=p, F=1 J=1 (A.3)

By substituting Eq. (A.3) into Eq. (A.2), the surface first Piola—Kirchhoff
stress at the initial (free swollen) state can be obtained,

- 7 > 25 ~
LoGpay=(1-L+ L |m(1-L )+ L+ L2 4 1)i-o
G 2 NQ 2) R A pksT

(A.49)
Finally we can obtain the non-linear algebraic equation,
~ S R o~
P N U (SR U A (L (A.5)
2 NG 2) 27§ ksT

where the equation determines the initial stretch (free swelling ratio) Io
based on the initial chemical potential . In this study, we set iy =0
(fully swollen), N _QN/ﬁ = 1073, and 7 = 0.7705, resulting in an initial
stretch IO ~ 1.42. By the incompressibil/i\ty condition (Eq. (3.5)), we
find the initial solvent concentration, as C, ~ 1.0.

Appendix B. Alternative weak formulation

In the manuscript, the weak forms were derived with respect to
displacement and chemical potential through the Legendre transforma-
tion. This approach was adopted for two main reasons: it simplifies
the application of chemical boundary conditions, and it avoids the
need for C' continuity in numerical modeling. In this appendix, we
provide an alternative weak formulation with respect to the species
concentration (instead of chemical potential), which does not employ
Legendre transformation.

Starting from Eq. (2.13), we multiply it by the test function §C and
integrate over the domain. This results in:

/c“aéds-/?;(iaéds:o (B.1)

K s

Substituting Eq. (2.23) for the flux J into Eq. (B.1), we obtain:

/555ds+/€,~(.<ﬁ.€§ﬁ) 5Cds =0 (B.2)
K s
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Here, ji is determined by the constitutive relation in Eq. (2.22). It
is critical to note that x involves a second derivative with respect
to X. Consequently, the weak formulation requires C! continuity for
numerical implementation (i.e., at least second-order differentiability
of the variables), whereas standard finite element methods employ C°
continuity.

Data availability

Data will be made available on request.
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