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Abstract

In this paper, to evaluate the residual stress of welded structures efficiently, we propose a welding simulation method utilizing a
reduced order model. To construct the reduced order model, a finite element model is divided into a target part and an omitted
part. For the heat transfer analysis, a thermal boundary condition is newly defined and applied to the target part, to compensate
for the heat loss induced by neglecting the omitted part. For the thermal elastic plastic analysis, a reduced model for the target
part is constructed using the automated static condensation method. The performance of the proposed welding simulation method
adopting the reduced order model is verified by solving several welding problems, and it effectively reduces computational costs while
predicting the residual stress with little loss of accuracy.
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1 Introduction
Welding is an essential process in many industries. However, it is a
known fact that due to the non-uniformity of heating and cooling
during the welding process, large stress and strain are produced
which may lead to the permanent distortion in a welded joint.
Furthermore, the phase transformation of the subjected material
during heating and solidification can significantly affect the de-
velopment of residual stress (Taraphdar et al., 2021). This residual
stress can make the joint prone to intergranular stress corrosion
cracking, fatigue failure, and brittle fracture. Therefore, to avoid
these problems, the quantitative prediction and effective control
of residual stress in welded joints should be taken into considera-
tion (Kumar et al. 2021; Sauraw et al., 2021). However, experiments
and model tests of large structures are very inefficient in terms of
both time and cost.

Finite element (FE) simulations are a powerful tool often used
to solve these problems by computationally predicting weld resid-
ual stresses. Welding simulation using a three-dimensional (3D)
FE model can predict the temperature field history and residual
stress distribution, which agrees very well with the experimental
results (Abid et al., 2005; Deng & Murakawa, 2006; Giri et al., 2015;
Pandey et al., 2016, 2018; Taraphdar et al., 2020; Seo & Lee, 2021).

However, welding FE simulations are computationally expen-
sive due to the high non-linearity and transient nature of the
welding phenomenon. Moreover, they will require even greater
computational costs when considering the recent increase in de-
mand for large, complex welded structures. Therefore, computa-
tional efficiency can be regarded as one of the most important
issues in welding FE simulations.

To handle the computational cost issues in FE simula-
tions, reduced order model (ROM) methods have been em-
ployed in various fields. Zheng et al. (1999) used the mode

superposition method to perform spectral fatigue analy-
sis of offshore structures efficiently. Mojtahedi et al. (2020)
proposed an improved ROM method for modal-based struc-
ture health monitoring of an offshore jacket-type platform.
Roy et al. (2021) used matrix interpolation-based paramet-
ric model order reduction to increase simulation efficiency
for an electrothermal microgripper. For welding FE simula-
tions, traditional static condensation (Guyan, 1965; Wilson,
1974) and superelement techniques (MSC Nastran, 2014)
have frequently been employed to construct a ROM. Guirao
et al. (2009) and Bhatti et al. (2014) adopted these techniques to
shorten the analysis time for residual stress and strain prediction.
In addition, Kawaguchi et al. (2011) and Murakawa et al. (2015)
reduced the computation time by implementing the iterative
substructure method (ISM) in which the highly non-linear region
close to the local weld zone was iteratively designated as a sub-
structure. In the ISM, the displacement at the boundary between
the substructure and the remaining region was computed using
the whole FE model, which was considered linear elasticity. This
displacement was used as the boundary conditions to solve the
substructure and was iteratively corrected by considering the
unbalanced force at the boundary.

Unfortunately, the ROM methods used for welding FE simula-
tion in previous studies still have difficulty handling large and
complex FE models. For static condensation, the FE model is par-
titioned into only two parts, the target and the omitted parts, and
the omitted part probably has a relatively large number of degrees
of freedom (DOFs). The superelement technique, which is math-
ematically similar to the static condensation method, offers one
improvement to address this problem by dividing the omitted part
into several substructures. However, because substructures can
still have relatively large DOFs (which induce expensive inverse
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matrix computation) and because the substructuring procedure
in the physical domain is laborious, great effort is required to con-
struct the ROM.

Recently, high-performance methods to create ROMs for static
and dynamic problems (Bennighof & Lehoucq, 2004; Boo & Lee,
2017; Boo & Oh, 2017) are being developed to solve these problems.
This will allow the construction of a ROM with remarkable com-
putational efficiency without any consideration of physical sub-
structuring. Therefore, it is necessary to use the high-performance
ROM method for calculating large, complex welding FE models
more efficiently than with the previous methods. Furthermore,
to guarantee the assurance of the ROM, several error estimation
techniques have been developed. These techniques can assure the
ROM without solving the global model (Boo et al., 2015, 2016).

In this study, we aim to develop an efficient welding FE simu-
lation method (using the ROM) for both thermal and mechanical
analyses. The new features of the proposed method are as fol-
lows: For the thermal analysis, we develop a new thermal bound-
ary condition for the interface boundary of the target part to con-
struct the thermal ROM. For the mechanical analysis, we con-
struct a mechanical ROM using the automated static condensa-
tion (ASC) method, that is, the high-performance ROM method.
Then, only the non-linearity of the ROM needs to be iteratively
updated to perform the welding FE simulation efficiently.

In Section 2, we briefly introduce the formulation of heat trans-
fer analysis and thermal elastic plastic analysis for the welding FE
simulation. In Section 3, the partitioning of the global FE model is
introduced, and the formulations and condensation procedures
of the proposed method are described for both heat transfer anal-
ysis and thermal elastic plastic analysis. In Section 4, the perfor-
mance of the proposed method in terms of accuracy and com-
putational efficiency is demonstrated through several welding FE
simulations.

2 Formulations of the Welding Analysis
In this section, we briefly review the 3D thermo-mechanical for-
mulation of the welding analysis, which consists of sequentially
coupled heat transfer analysis and thermal elastic plastic anal-
ysis. The phase change of the material is not considered in the
analyses.

2.1 Heat transfer analysis
The formulations of heat transfer analysis are briefly introduced
in this section, see references (Shanghvi & Michaelis, 2002; Bathe,
2006; Anca et al., 2011) for detailed derivations. Considering the
heat transfer problem for a 3D body in which material obeys
Fourier’s law of heat conduction, the heat flow equilibrium equa-
tion (Bathe, 2006) is defined as

∂

∂x

(
kx

∂θ

∂x

)
+ ∂

∂y

(
ky

∂θ

∂y

)
+ ∂

∂z

(
kz

∂θ

∂z

)
+ qB = 0, (1)

and its tensorial form can be written as

(ki θ, i ), i + qB = 0, (2)

where k is the thermal conductivity, qB is the rate of heat generated
per unit volume, and θ is the temperature.

From the heat transfer body definition shown in Fig. 1, the fol-
lowing boundary conditions are defined as

θ |Sθ = θSθ

, kn · θ,n
∣∣
Sq = qS, kn · θ,n

∣∣
Sc = he(θ e − θ ), (3)

Figure 1: Heat transfer body definition.

where Sθ is the specific surface to which the prescribed temper-
ature θSθ

is applied. Here, Sq is the heat flux input surface of the
prescribed heat flux qS, and Sc is the convection surface included
in Sq. The vector n is the outward unit normal vector of the sur-
face and n is its coordinate axis. The term θ e is the environmental
temperature whose heat transfer coefficient is he.

After applying the principle of virtual temperatures (Bathe,
2006) and the boundary conditions in Equation (3), a weak form
of the governing equation is obtained as

∫
V

θ̄′T k θ′ dV =
∫

V
θ̄qBdV +

∫
Sq

θ̄qSdS +
∫

Sc
θ̄he(θ e − θ )dS,

with k =

⎡
⎢⎣kx 0 0

0 ky 0
0 0 kz

⎤
⎥⎦ , θ′T =

[
∂θ

∂x
∂θ

∂y
∂θ

∂z

]
, (4)

where k is the thermal conductivity matrix, and θ′ is the temper-
ature gradient vector. The overbar indicates the virtual terms.

After the FE discretization, for an element m with n nodes, the
temperature vector θm and the temperature gradient vector θ′

m

are defined by

θm = Hm θ, θ′
m = Bm θ with θT = [θ1, θ2, · · · , θn] , (5)

in which Hm is the element temperature interpolation matrix, and
Bm is the element temperature-gradient interpolation matrix.

Substituting Equations (5) into (4), and after assembling for the
total elements, we can obtain the FE governing equation of linear
steady-state heat transfer analysis as follows

(kk + ke )θ = QB + QS + Qe, with kk =
∑

m

∫
Vm

BT
m km Bm dVm,

ke =
∑

m

∫
Sc

m

he
m HT

m Hm dSm, QB =
∑

m

∫
Vm

HT
m qB

m dVm,

QS =
∑

m

∫
Sq

m

HT
m qS

m dSm, Qe =
∑

m

∫
Sc

m

he
m HT

m Hm θe dSm, (6)

where kk and ke denote the conductivity and convection matri-
ces, respectively, whereas QB and QS denote the nodal heat flow
input vector corresponding to qB and qS, respectively. Here, Qe is
the nodal heat flow contribution due to convection.

In the transient state, it is important to include a term consid-
ering the rate at which heat is stored in the material. This rate of
heat absorption is given as

qc = ρc θ̇ , (7)

where ρ and c are the material density and the material specific
heat capacity, respectively, and θ̇ is the time derivative of temper-
ature. Here, qc can be understood to be part of the heat generated
and must be subtracted from qB in Equation (4).
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Thus, for element m, the time-derived temperature vector θ̇m is
defined as

θ̇m(t) = Hm θ̇ (t), (8)

and QB in Equation (6) is redefined using Equations (7) and (8) as

QB =
∑

m

∫
Vm

HT
m

(
qB

m − (ρc)m Hm θ̇
)

dVm . (9)

Substituting Equations (9) into (6), we can obtain the FE heat
flow equilibrium equation considered in transient condition as
follows

Cθ̇ + kθ = Q with C =
∑

m

∫
Vm

HT
m (ρc)m Hm dVm,

k = kk + ke, Q = QB + QS + Qe, (10)

where C and k are the heat capacity matrix and the conductivity
matrix, respectively, and Q is the nodal heat flow vector.

Assuming the conditions at time t have been calculated, and
considering that the time stepping is merely used to describe the
heat flow loading, the FE governing equation in Equation (10) at
time t + �t is written as

t+�tC t+�t θ̇ + t+�tk t+�tθ = t+�tQ, (11)

where t+�tθ and t+�tQ are the nodal temperature and heat flow
vectors at time t + �t.

For the non-linear analysis, all variables in Equation (11) are
updated in each iteration, and the solution is obtained by incre-
mentally decomposing the nodal temperatures as

t+�tC(i) t+�t θ̇
(i) + t+�tk(i−1) t+�tθ(i) = t+�tQ

with t+�tθ(i) = t+�tθ(i−1) + �θ(i), (12)

where t+�tθ(i) and �θ(i) are the nodal temperature vector and in-
cremental nodal temperature vector at the end of iteration i.

Using Equation (12) and the Newton–Raphson iteration, the FE
governing equation of the non-linear transient heat transfer anal-
ysis adopting the implicit time integration procedure is obtained
as

t+�tC(i) t+�t θ̇
(i) + t+�tk(i−1)�θ(i) = t+�tQ̃ (i−1), (13)

where t+�tQ̃ (i−1) is the vector of nodal heat flows corresponding to
time t + �t and iteration (i − 1).

From Equations (12) and (13), t+�tQ̃ (i−1) can be expressed as

t+�tQ̃ (i−1) = t+�tQB + t+�tQS + t+�tQe (i−1) − t+�tQk (i−1)
,

with t+�tQe (i−1) =
∑

m

∫
Sc

m

t+�the
m

(i−1) HT
m

[
Hm

(
t+�tθe − t+�tθ(i−1)

)]
dSm,

t+�tQk (i−1) =
∑

m

∫
Vm

BT
m

[
t+�tk(i−1)

m Bm
t+�tθ(i−1)

]
dVm. (14)

Employing the Euler backward method (Bathe, 2006), we have

t+�t θ̇
(i) =

t+�tθ(i−1) + �θ(i)−tθ

�t
, (15)

and Equation (15) can be rewritten as

(
t+�tk(i−1) + 1

�t
t+�tC(i)

)
�θ(i) = t+�tQ̃ (i−1) − t+�tC(i) t+�t θ̇

(i−1)
,

with t+�t θ̇
(i−1) =

t+�tθ(i−1)−tθ

�t
. (16)

For the solution, Equation (16) can be further linearized using

(
t+�tk(i−1) + 1

�t
t+�tC(i−1)

)
�θ(i) = t+�tQ̃ (i−1) − t+�tC(i−1) t+�t θ̇

(i−1)
,

(17)

and from Equation (17), the incremental temperature vector �θ(i)

to be applied to the thermal elastic plastic analysis can be calcu-
lated at each time step of the analysis.

2.2 Thermal elastic plastic analysis
In the thermal elastic plastic analysis, the displacement and
stress increments will be determined at each time step by refer-
ring to the temperature field history t+�tθ(i) and �θ(i) obtained in
the previous section. The material behavior is based on the stress–
strain relationship for the thermal elastic plastic material.

The stress–strain relation for elastic material is defined as

σm = De
m εm, (18)

where σm and εm are the stress and strain vectors for element m,
respectively, and De

m is the elastic stress–strain matrix (Ueda &
Yamakawa, 1971).

Assuming the initial strain ε0 exists and is considered in Equa-
tion (18), the elastic stress–strain relation can be rewritten with
consideration of the strain difference as follows,

σm = De
m

(
εm − ε0

m

)
. (19)

For a general 3D element m, the force equilibrium equation
(Bathe, 2006) can be defined in matrix-vector form for a unit vol-
ume by

∇ · σm + fB
m = 0, (20)

where fB
m is the body force vector for element m, and ∇ is the spa-

tial gradient operator.
For the element m with n nodes, the strain vector εm and the

displacement vector um can be defined as

εm = Lm u, um = Nm u with uT = [u1, u2, · · · , un] , (21)

in which u is the nodal displacement vector. Here, Lm is the strain-
displacement matrix and Nm is the displacement interpolation
matrix.

Applying the virtual displacement vector ū into Equation (20),
a key concept of the principle of virtual work, we can obtain

∫
Vm

ūT
m

(∇ · σm + fB
m

)
dVm = 0, (22)

and then, considering the integration by part (Bathe, 2006) to the
left-hand side, it can be rewritten as

∫
Vm

ε̄T
m σm dVm =

∫
Vm

ūT
m fB

m dVm +
∫

Sm

ūT
m fS

m dSm

with fS
m = σm n, (23)

where fS
m is the surface force vector for element m.

Substituting Equations (19) and (21) into (23), and after assem-
bling for the total elements, the following static equation is de-
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fined as

Ku = F, with K =
∑

m

∫
Vm

LT
m De

m Lm dVm,

F =
∑

m

∫
Vm

NT
m fB

m dVm +
∑

m

∫
Sm

NT
m fS

m dSm

+
∑

m

∫
Vm

LT
m De

m ε0
m dVm, (24)

where K and F are the stiffness matrix and nodal force vector for
the FE model.

Note that, the stress–strain relationship for thermal elastic
plastic material can be considered to change linearly in a time
increment. The solution at each time increment is obtained by
performing static analysis using the pre-calculated increment as
the initial condition (Shanghvi & Michaleris, 2002).

Assuming small deformation thermoelastic plasticity (Wang et
al., 2008), the incremental total strain �εm can be decomposed
into the incremental elastic, plastic, and thermal strain vectors
(�εe

m, �ε
p
m, �εth

m ) as follows:

�εm = �εe
m + �ε

p
m + �εth

m . (25)

Considering the plasticity of the material, the incremental plas-
tic stress–strain relation (Ueda and Yamakawa, 1971) can be de-
fined as

�σm = Dp
m

(
�εm − �ε0

m

)
, (26)

in which �σm and �εm are the incremental stress and total strain
vectors, Dp

m is the plastic stress–strain matrix, and �ε0
m is the in-

cremental initial strain vector, respectively.
In the case of welding analysis, the incremental initial strain

vector �ε0
m in Equation (26) can be regarded as the incremental

thermal strain vector �εth
m (Ueda & Yamakawa, 1971), and replaced

as follows:

�ε0
m = �εth

m = αm �θm, (27)

where �εth
m is calculated with the heat expansion coefficient αm

and the incremental temperature vector �θm.
Using Equations (19), (26), and (27), the incremental stress–

strain relation for thermal elastic plastic material can be defined
as

�σm = Dm

(
�εm − �εth

m

)
, (28)

where Dm is the incremental stress–strain matrix, and it can be de-
fined as the elastic stress–strain matrix De

m and the plastic stress–
strain matrix Dp

m according to the elasticity and plasticity.
Assuming the temperature dependence of the mechanical ma-

terial properties, Equation (28) can be rewritten as

�σm = Dm�εm − Cm�θm, (29)

where Cm is the thermal matrix (Ueda & Yamakawa, 1971;
Shanghvi & Michaleris, 2002; Wang et al., 2008) consisting of the
effects of the temperature change �θm on the stress increment
�σm.

Considering the incremental forms of Equation (23), the follow-
ing equation can be obtained

∫
Vm

ε̄T �σm dVm =
∫

Vm

ūT �fB
m dVm +

∫
Sm

ūT �fS
m dSm, (30)

where �fB
m and �fS

m are the incremental body and surface force
vectors for element m, respectively.

From Equations (5) and (21), the incremental forms of strain,
displacement, and temperature vectors (�εm, �um and �θm) can
be defined as

�εm = Lm �u, �um = Nm �u, �θm = Hm �θ

with �θT = [�θ1, �θ2, · · · , �θn] , (31)

in which �u is the incremental nodal displacement vectors, and
�θ is the incremental nodal temperature vector.

Substituting the virtual form of Equations (31) into (30), we can
obtain the following equation

∫
Vm

LT
m �σm dVm =

∫
Vm

NT
m �fB

m dVm +
∫

Sm

NT
m �fS

m dSm. (32)

Finally, after assembling the total elements for Equation (32),
the FE governing equation (Wang et al., 2008) of the thermal elastic
plastic analysis is defined as

K �u = �F, with K =
∑

m

∫
Vm

LT
m Dm Lm dVm,

�F =
∑

m

∫
Vm

NT
m �fB

m dVm +
∑

m

∫
Sm

NT
m �fS

m dSm

+
∑

m

∫
Vm

LT
m [Cm Hm �θ] dVm, (33)

where K is the stiffness matrix, and �F is the incremental nodal
force vector.

Applying the Newton–Raphson iteration into Equation (33), we
can obtain the incremental non-linear FE governing equation as
follows:

K(j−1)�u( j) = F( j) − F( j−1), (34)

in which �u( j) and F( j) are the incremental nodal displacement
and nodal force vectors in iteration j, respectively.

After solving Equation (34), the nodal displacement vector at
each step can be calculated using

u( j) = u( j−1) + �u( j), (35)

and then, the updated stress distributions at each step can be cal-
culated as follows:

�σ ( j) =
∑

m

D( j−1)
m Lm �u( j) −

∑
m

C( j−1)
m Hm �θ(i), (36)

σ ( j) = σ ( j−1) + �σ ( j), (37)

in which the terms related to the temperatures are C( j−1)
m and �θ(i).

Here, C( j−1)
m is calculated by considering the temperature field dis-

tribution t+�tθ(i). As mentioned before, the temperature field his-
tory t+�tθ(i) and �θ(i) are obtained from the heat transfer analysis
described in Section 2.1.

However, the global FE model for welding analysis is often con-
siderably inefficient due to transient conditions and non-linear
iterations with a large number of DOFs. Fortunately, in this sim-
ulation, the non-linearity part is a relatively small portion com-
pared to the global model. Therefore, it is necessary to use a ROM
for the welding analysis, which can give powerful computational
efficiency.
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Figure 2: Partitioning scheme of the proposed method. (a) Dividing
non-linear and linear regions in the welding FE model. (b)
Substructuring �t and �o with the interface boundary �.

3 ROM for Welding Analysis
In this section, we introduce the partitioning scheme that is a pre-
requisite condition before applying the proposed method, and a
new thermal boundary condition is introduced for conducting the
heat transfer analysis more efficiently. Then, we introduce a pro-
cedure to construct the ROM for the thermal elastic plastic anal-
ysis.

3.1 Partitioning scheme of the proposed method
The welding FE model can be divided into a linear region and
a non-linear region as shown in Fig. 2a. The partitioning of the
FE model can be carried out either by assuming a tempera-
ture at which elements have no plastic strains (Kawaguchi et al.,
2011; Bhatti et al., 2014; Murakawa et al., 2015) or by selecting
an arbitrary region away from the local weld zone (Guirao et al.,
2009).

In this study, the FE model is partitioned into two parts, the
“target” part �t and the “omitted” part �o, as shown in Fig. 2b. Here,
all areas where non-linearity occurs, that is, where the welding
arc passes and the region enough away from the welding arc are
designated as the target part �t , and the remaining regions are
designated as the omitted part �o. The interface boundary � can
be defined using the coupled DOFs between �t and �o.

3.2 Thermal boundary condition
From Equation (13), the formulation of the non-linear thermal
governing equation, based on the partitioning scheme described
earlier, can be defined as

(38)

in which subscript o and t denote the omitted part �o and target
part �t , respectively. Here, ot and to indicate the coupled nodes

Figure 3: Heat flow of the partitioned body. (a) Decomposing
substructures into the interior i and the interface boundary �. (b) Heat
flow decomposition for the substructures. (c) Replacing the conduction
term �Q̃t with the convection term �Qe

t .

between the omitted and target parts, and all variables are ex-
pressed without the superscript t + �t for convenience.

Expanding the first and second row in Equation (38), the ther-
mal governing equations for the target and omitted parts can be
defined separately as(

C(i)
o θ̇

(i)
o + k(i−1)

o �θ
(i)
o

)
+

(
C(i)

ot θ̇
(i)
t + k(i−1)

ot �θ
(i)
t

)
= Q̃ (i−1)

o , (39a)

(
C(i)

to θ̇
(i)
o + k(i−1)

to �θ
(i)
o

)
+

(
C(i)

t θ̇
(i)
t + k(i−1)

t �θ
(i)
t

)
= Q̃ (i−1)

t . (39b)

Then, as shown in Fig. 3, the heat flow vectors Q̃ (i−1)
o and Q̃ (i−1)

t

in Equation (39) can be decomposed into the interior i and its in-
terface boundary � (Anca et al., 2011) as follows:

Q̃ (i−1)
o = iQ̃ (i−1)

o + �Q̃ (i−1)
o with iQ̃ (i−1)

o = iQe(i−1)
o − iQk(i−1)

o ,

�Q̃ (i−1)
o = −�Qk(i−1)

o , (40a)

Q̃ (i−1)
t = iQ̃ (i−1)

t + �Q̃ (i−1)
t

with iQ̃ (i−1)
t = iQB

t + iQS
t + iQe(i−1)

t − iQk(i−1)
t ,

�Q̃ (i−1)
t = −�Qk(i−1)

t , (40b)

where iQ̃ (i−1)
o and iQ̃ (i−1)

t are the interior heat flow vectors of the
omitted and target parts, except for the interface heat flow vec-
tors �Q̃ (i−1)

o and �Q̃ (i−1)
t , respectively. Here, there is no heat flow
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input vector in the internal heat flow vector iQ̃ (i−1)
o due to the par-

titioning.
Note that, considering the continuity of the temperature at the

interface boundary �, the interface heat flow vector �Q̃ (i−1)
t can

be understood as the heat loss from the target part �t , and in the
case where only the target part �t is considered independently, the
heat flow vectors �Q̃ (i−1)

o and �Q̃ (i−1)
t generated by the heat conduc-

tion are eliminated. Therefore, to consider the eliminated terms,
we need to adequately compensate the conduction term by ap-
plying the convection term as a thermal boundary condition for
the target part interface boundary ��t , as shown in Fig. 3c.

To convert the conduction term into the convection term, con-
sidering only the convection term in Equations (13) and (14), the
following equation is obtained:

Qe(i−1) = ke (i−1)
�θ(i) (41)

and we can use this convection term as a thermal boundary con-
dition that is applied to the target part interface boundary ��t , as
follows

�Qe(i−1)
t = �ke(i−1)

t
��θ

(i)
t , (42)

where �Qe(i−1)
t and �ke(i−1)

t are the newly defined heat flow vec-
tor and convection matrix for the convection surface �Sc

t with the
heat transfer coefficient �he(i−1)

t , and ��θ
(i)
t is the corresponding

temperature vector. Here, the procedure for calculation of �he(i−1)
t

is explained and the application of �Sc
t to the welding FE models

will be described in detail in Section 4.
Then, substituting �Qe(i−1)

t in Equation (42) into �Q̃ (i−1)
t in Equa-

tion (40b), the heat flow vector Q̃ (i−1)
t can be approximated as

Q̃ (i−1)
t ≈ Q̂ (i−1)

t = iQ̃ (i−1)
t + �Qe(i−1)

t ,

with iQ̃ (i−1)
t = C(i)

t θ̇
(i)
t + k(i−1)

t �θ
(i)
t ,

�Qe(i−1)
t = �ke(i−1)

t
��θ

(i)
t , (43)

in which the term Q̂ (i−1)
t is the heat flow vector for the ROM �̂t in

iteration (i − 1).
Assembling the target part interior i�t and its interface bound-

ary ��t in Equation (43), we can obtain the non-linear thermal
governing equation for the ROM �̂t as

C(i)
t θ̇

(i)
t + k̂(i−1)

t �θ
(i)
t = Q̂ (i−1)

t with k̂(i−1)
t = k(i−1)

t + �ke(i−1)
t ,

Q̂ (i−1)
t = iQ̃ (i−1)

t + �Qe(i−1)
t , (44)

where k̂(i−1)
t is the reduced conductivity matrix. Note that Equa-

tion (44) is solved using the solution scheme described after Equa-
tion (15) in Section 2.1.

3.3 ROM for the thermal elastic plastic analysis
In this section, we introduce the procedure of the thermal elas-
tic plastic analysis using the proposed method. By the previously
mentioned partitioning scheme, the welding FE model is parti-
tioned into the target part �t (with non-linear behavior) and the
omitted part �o (with linear behavior). In the case of the welding
analysis, a small portion close to the welding heat source behaves
non-linearly and the remaining portion of the FE model behaves
linearly.

As described in Fig. 4, after the partitioning, we can construct
the ROM �̂t by condensing the omitted part �o (linear part) into
the target part �t (non-linear part) with the condensation algo-
rithm (Guyan, 1965; Wilson, 1974). Therefore, the ROM �̂t will only
be updated during iteration procedures of the non-linear analysis,
and we can conduct the non-linear analysis more efficiently than

Figure 4: Construction of the mechanical ROM. (a) Partitioning of the
body considering the linear and non-linearity. (b) Constructing the ROM
�̂t by condensing the omitted part �o.

using the global FE model. This is the most attractive feature of
the proposed method.

Remembering the static equation described in Equation (24),
and considering the partitioned equation in Equation (38), the par-
titioned formulation is defined as

(45)

Compared to the number of DOFs in the target part �t , there
are a relatively large number of DOFs in the omitted part �o. As
the number of DOFs in the omitted part �o becomes larger, the
condensation process requires more computational time. Thus, to
conduct the condensation of the omitted part �o more efficiently,
we use the ASC method (Boo & Lee, 2017).

As shown in Fig. 5, in the proposed method, the body is parti-
tioned into two parts (�t and �o), and only �o is partitioned into
many substructures. After the substructuring, the coupling rela-
tionship between substructures is defined as shown in Fig. 5b. This
substructural tree diagram is a computational strategy of the con-
densation process.

The linear static equation in Equation (45) can be expressed in
the partitioned form considering n substructures for �o as

Figure 5: Substructuring and tree diagram in the proposed method. (a)
Substructuring of the body. (b) Tree diagram with seven substructures in
the omitted part �o.
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(46)

where Kt, ut , and Ft are the stiffness matrix, displacement vector,
and force vector, respectively, corresponding to the target part �t .
Here, Kk,t is the coupled stiffness matrix between the kth substruc-
ture and the target part �t . In the same way, we can define Kk, uk,
and Fk for the kth substructure, and coupled matrix Kk, l between
the kth and lth substructure.

Expanding the first row equation in Equation (46), the following
equation is obtained:

K1u1 +
n∑

l=2

K1,lul + K1,tut = F1, (47)

and the displacement vector u1 corresponding to the first sub-
structure is defined as

u1 = K−1
1 F1 +

n∑
l=2

�1,lul + �1,t ut with �1,l = −K−1
1 K1,l,

�1,t = −K−1
1 K1,t, (48)

where �1,l is the constraint matrix to couple the first sub-
structure with the lth substructure, and �1,t is the con-
straint matrix to couple the first substructure with the target
part �t .

Substituting u1 in Equation (48) into the displacement vector
u in Equation (46), the displacement vector u can be rewritten
as

(49)

in which C1 is the first condensation matrix, u(1) is the first con-
densed displacement vector, and F(1)

a is the first additional force
vector.

Substituting Equations (49) into (46), we can obtain the first
condensed linear static equation as follows:

K(1)u(1) = F(1) with K(1) = KC1, F(1) = F − KF(1)
a , (50)

where K(1), u(1), and F(1) are the first condensed stiffness matrix,
displacement vector, and force vector, respectively.

From Equations (49) and (50), the partitioned formulation
of Equation (50) is written as

(51)

in which the hat ∧ denotes the updated substructural terms dur-
ing the condensation procedure according to the substructural
tree diagram. Note that all the submatrices of the first condensed
linear static equation are updated to describe the general formu-
lation. Here, in the case that the first substructure and the lth sub-
structure are not coupled, the constraint matrix �1,l of the first
condensation matrix C1 becomes zero.

In the same way, after conducting the condensation procedure
to the (k − 1)th substructure, the following (k − 1)th condensed lin-
ear static equation is obtained as

(52)

From expanding the kth row in Equation (52), the following
equation is obtained:

K̂(k−1)
k uk +

n∑
l=k+1

K̂(k−1)
k, l ul + K̂(k−1)

k, t ut = F̂(k−1)
k , (53)

and the displacement vector uk corresponding to kth substructure
is defined as

uk = (K̂(k−1)
k )−1F̂(k−1)

k +
n∑

l=k+1

�k, l ul + � j, tut,

with �k, l = −(K̂(k−1)
k )−1K̂(k−1)

k, l , �k, t = −(K̂(k−1)
k )−1K̂(k−1)

k, t , (54)

where �k, l is the constraint matrix to couple the kth substructure
with the lth substructure, and �k,t is the constraint matrix to cou-
ple the kth substructure with the target part �t .

Using Equation (54), the (k − 1)th condensed displacement vec-
tor u(k−1) can be rewritten as

(55)
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Table 1: Algorithm of the proposed mechanical ROM method.

Algorithm

Step 1: Load the structural system matrices (K and F) in Equation (45)
Step 2: Do the algebraic multi-level substructuring by Equation (46)
Step 3: Construct the substructural tree diagram in Fig. 5b
For k = 1, 2, ...n,

Step 4: Compute condensation matrix Ck and additional force vector F(k)
a in Equation (55)

Step 5: Do the kth condensation procedure in Equation (56)
End for
Step 6: Compute the reduced matrices (K̃ and F̃) in Equation (61)

in which Ck is the kth condensation matrix, u(k) is the kth condensed
displacement vector, and F(k)

a is the kth additional force vector.
Using Equation (55) and the (k − 1)th condensed linear static

equation, we can obtain the kth condensed linear static equation
as follows

K(k)u(k) = F(k) with K(k) = K(k−1)Ck, F(k) = F(k−1) − K(k−1)F(k)
a ,

(56)

where K(k), u(k) and F(k) are the kth condensed stiffness matrix, dis-
placement vector, and force vector, respectively.

Then, the partitioned formulation of Equation (56) is written as

(57)

After performing all the condensation procedures, the fully (=
nth) condensed linear static equation is obtained as

K(n)u(n) = F(n), (58)

where K(n), u(n), and F(n) are the nth condensed stiffness matrix,
displacement vector, and force vector, respectively.

The fully condensed linear static equation in Equation (58) can
be expressed in the partitioned form as

(59)

in which K̂(n)
t and F̂(n)

t are the reduced stiffness matrix and
force vector, respectively. Here, all substructural terms be-
come zero except for the terms corresponding to the ROM of
interest, �̂t .

In Equation (59), neglecting zero substructural matrices, we can
obtain the reduced linear static equation only for the ROM �̂t as

K̂(n)
t ut = F̂(n)

t . (60)

Finally, we can obtain the stiffness matrix and force vector for
the ROM �̂t as

K̃ = K̂(n)
t , F̃ = F̂(n)

t , (61)

and these can be decomposed into the original and additional
parts as

K̃ = Kt + K(n)
R , F̃ = Ft + F(n)

R . (62)

in which Kt and Ft are the original stiffness matrix and force vector
of the target part �t before condensation, and K(n)

R and F(n)
R are the

additional stiffness matrix and force vector resulting from the nth

condensation procedure for the omitted part �o.
By using K̃ and F̃, similarly to Equation (33), the reduced govern-

ing equation of the thermal elastic plastic analysis can be defined
as

K̃ �ut = �F̃, (63)

where �ut is the incremental nodal displacement vector for the
ROM �̂t .

Applying the Newton–Raphson iteration, we can obtain the in-
cremental non-linear governing equation for the ROM �̂t as fol-
lows:

K̃( j−1)�u( j)
t = F̃( j) − F̃( j−1), (64)

in which �u( j)
t is the incremental nodal displacement vector for

the ROM �̂t in iteration j.
From Equations (35) and (37), the displacement vector u( j)

t and
the stress distributions σ

( j)
t can be calculated as

u( j)
t = u( j−1)

t + �u( j)
t , σ

( j)
t = σ

( j−1)
t +�σ

( j)
t , (65)

in which �σ
( j)
t is the incremental nodal displacement vector for

the ROM �̂t in iteration j.
The algorithm of the proposed mechanical ROM method is

summarized in Table 1. In the following sections, the performance
of the proposed method is evaluated using several numerical ex-
amples.

4 Application Examples
In this section, we investigate the performance of the proposed
method using two FE welding simulation problems: butt welding
of mild steel pipe and plate. The flow chart of the proposed weld-
ing simulation is described in Fig. 6.

The global FE model for the welding simulation is partitioned
into the target and omitted parts. Then, the thermal boundary
condition is developed through a user subroutine and applied to
the target part interface boundary ��t to construct the thermal
ROM. The computer code for the ASC method is implemented
to calculate the mechanical ROM, and the additional terms
generated in the code are applied as initial conditions for the tar-
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Figure 6: Flowchart of the proposed method.

get part �t . Finally, the sequentially coupled heat transfer and
thermal elastic plastic analyses using the ROMs are performed to
obtain the temperature field history and then the displacement
and stress field history.

In general, the degree of the FE shape functions in thermo-
mechanical problems should be one order higher than that of the
thermal analysis. This is because the temperature field calculated
from the thermal analysis becomes the thermal strain field in the
mechanical analysis and the strains and stresses are determined
as derivatives of displacement. Nevertheless, low-order elements
are preferred for the welding FE analysis since they are more ef-
fective in solving non-linear welded joint problems than higher
order elements. Also, fine meshes with linear elements are recom-
mended for brick or hexahedral elements in 3D models for plas-
ticity (Lostado et al., 2017, 2018). Therefore, in this paper, thermo-
mechanical FE models are constructed using the 3D eight-node
hexahedral elements with the linear shape functions to perform
the welding FE simulation.

To ensure the results of the welding FE simulation, it is im-
portant to appropriately characterize the thermo-mechanical be-
havior of the FE model (Lostado et al., 2015, 2017; Fernandez
et al., 2017). Any small differences between the real welding
and the FE simulation can be amplified enormously due to the
non-linearity. Therefore, the sensitivity analysis should be con-
ducted with the experimental data to determine the most appro-
priate parameters of the welding FE model. In this study, instead of
conducting the welding experiment, the practical examples were
implemented by referring to the literature in which the results of
the FE simulation and experiment had been correlated, and we

used welding parameters identical to those in the literature (Abid
et al., 2005, 2009; Anca et al., 2011).

The mesh quality of the FE model also significantly affects
the accuracy of the results. Especially, for the welding FE sim-
ulations, the mesh quality is more important due to the high
non-linearity of the welding. In addition, the complex shape of
the weld beads and groove can easily degrade the mesh qual-
ity of the FE model. Therefore, the mesh quality analysis is es-
sential for the welding FE model (Zhang et al., 2004; Lostado et
al., 2017). In this study, the mesh quality of the FE models for
the pipe and plate welding problems is evaluated using the as-
pect ratio. The element type of the FE models is a 3D hexahedral
element and in general, the aspect ratio of the hexahedral ele-
ment should be less than 10. The average aspect ratios of the FE
models for the pipe and plate welding problems are 1.7 and 4.5,
with the highest values of 6.7 and 5, respectively. Therefore, the
FE models used in this study are appropriate for the welding FE
simulations.

Since there was no thermo-mechanical contact in the pipe and
plate welding problems, the contact and gravity conditions are not
considered in this study. Instead, the displacement boundary con-
ditions were employed at the edges of the FE models to restrict
the rigid body motion of the FE simulations. In addition, because
symmetrical models were adopted, the planes of symmetry were
constrained in the normal direction of the plane.

The welding FE simulation procedures including FE mod-
eling, sequentially coupled heat transfer and thermal elas-
tic plastic analyses, and a user subroutine were implemented
in ABAQUS code. As mentioned earlier, the 3D eight-node
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Table 2: Temperature-dependent thermal properties of the mild
steel used in the FE simulation.

Temperature
(◦C)

Thermal conductivity
(W/mm/◦C)

Specific heat
(kJ/kg/◦C)

0 51.9 E−03 486
100 51.1 E−03 486
200 48.6 E−03 498
300 44.4 E−03 515
400 42.7 E−03 536
500 39.4 E−03 557
600 35.6 E−03 586
700 31.8 E−03 619
800 26.0 E−03 691
900 26.4 E−03 695
1000 27.2 E−03 691
3000 120.0 E−03 700

hexahedral elements with a linear shape function, DC3D8R and
C3D8R, were used to construct FE models for heat transfer and
thermal elastic plastic analyses, respectively. The computer code
for the ASC method is externally implemented by FORTRAN 90. A
personal computer with the Intel i7-8700 CPU and 16GB RAM was
used for computation.

To verify the solution accuracy of the proposed method, we
compare the mean absolute error (MAE) of the residual stresses
obtained from the global and reduced models. The value of the
MAE can be calculated as follows (Lostado et al., 2017):

MAE = 1
N

·
N∑

i=1

∣∣(σglobal )i − (σreduced )i

∣∣, (66)

where σglobal and σreduced are the residual stresses obtained from the
global and reduced models, respectively, and N is the number of
nodes selected to represent the predicted residual stress.

4.1 Material model
The thermal and mechanical temperature-dependent material
properties of mild steel (Zhang et al., 2004) are listed in Tables 2
and 3, respectively. These material properties were used for both
pipe and plate welding problems. In this paper, the heat effects
relevant to the molten metal of the weld pool were considered as
below (Abid & Qarni, 2009).

During the welding, the melting behavior of the material due to
fluid flow in the weld pool has the effects of both thermal conduc-
tion and convection. It can be considered by the artificially higher

value of thermal conductivity 230 W/m K for the melting point
(Andersson, 1987). This results in a relatively larger weld pool with
a uniform temperature. The phase change effects of the material
are modeled by the latent heat of 272 kJ/kg over the temperature
range of 1480–1530◦C in which the solidus and liquidus tempera-
ture of the mild steel (Lindgren, 2001), respectively.

4.2 Welding heat source model
The heat from the moving welding arc is applied as a volumet-
ric heat source by the distributed heat flux acting on the individ-
ual elements with Goldak’s double-ellipsoid model (Goldak et al.,
1984).

A moving welding arc heat input using the Goldak’s double el-
lipsoid model can be expressed as

qB
f (x′, y′, z′ ) = 6

√
3 ff Qw

abcf π
√

π
· e−3 x′2

a2 · e−3 y′2
b2 · e

−3 z′2
c2
f , (67)

qB
r (x′, y′, z′ ) = 6

√
3 fr Qw

abcr π
√

π
· e−3 x′2

a2 · e−3 y′2
b2 · e

−3 z′2
c2r , (68)

ff + fr = 2, Qw = UIη, (69)

where qB
f and qB

r are the front heat source and rear heat source
model, respectively, and x′, y′, and z′ are the local coordinates of
the ellipsoid model. The terms a, b, and c indicate different values
related to the characteristics of the welding heat source. While
ff and fr are the heat fraction parameters in the front and rear
quadrants, respectively. Here, Qw is the input power of the welding
heat source with the specific weld parameters voltage U, current
I, and arc efficiency η.

4.3 Calculation of thermal boundary conditions
The calculation of the heat transfer coefficients for a combined
thermal boundary condition and the proposed thermal bound-
ary condition is described below. A combined thermal boundary
condition (Brickstad & Josefson, 1998; Deng & Murakawa, 2006) is
implemented to consider the heat losses in cooling material by
assuming both thermal radiation and convection from the con-
vection surface Sc. The radiation losses and convection losses are
predominant at higher temperatures near and in the weld zone,
and at lower temperatures away from the weld zone, respectively.

The temperature-dependent heat transfer coefficient he

in Equation (3) for a combined thermal boundary condition that
considers both the effects of thermal radiation and convection is

Table 3: Temperature-dependent thermo-mechanical properties of the mild steel used in the FE simulation.

Temperature (◦C)
Elasticity modulus

(N/mm2) Poisson’s ratio Expansion
Yield stress for εp = 0

(N/mm2)
Yield stress for εp = 0.1

(N/mm2)

0 0.206 E+06 0.296 0.117 E−04 344.64 422.64
100 0.203 E+06 0.311 0.117 E−04 331.93 409.93
200 0.201 E+06 0.330 0.122 E−04 308.30 386.30
300 0.200 E+06 0.349 0.128 E−04 276.07 342.57
400 0.165 E+06 0.367 0.133 E−04 235.22 290.22
500 0.120 E+06 0.386 0.138 E−04 185.77 230.77
600 0.600 E+05 0.405 0.144 E−04 127.71 162.71
700 0.400 E+05 0.423 0.148 E−04 68.55 96.05
800 0.300 E+05 0.442 0.148 E−04 64.35 84.35
900 0.200 E+05 0.461 0.148 E−04 45.65 60.65
1000 0.100 E+05 0.480 0.148 E−04 11.32 21.32
3000 0.100 E+05 0.480 0.148 E−04 - -
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Figure 7: Definition of the pipe welding problem.

given as

he =
{

= 0.0668 θ × 10−6 (W
/

mm2) 0 < θ < 500◦C
= (0.231 θ − 82.1) × 10−6 (W

/
mm2) θ > 500◦C

,(70)

where θ is the temperature on the convection surface Sc.
During the welding analysis, there is a temperature difference

between the target and omitted parts. Note that, the welding is
applied to the target part only, and the omitted part is a cooling
material region. Due to this temperature difference, the continuity
of temperature at the interface boundary causes heat conduction
between the target and omitted parts. Here, the heat conduction
can be understood as the heat loss from the target part.

On the other hand, the omitted part considers this heat con-
duction at the interface boundary as the heat flow input. In this
study, it is assumed that the heat flow input depends on the heat
convection of the omitted part. This means that the heat flow pro-
cess of the omitted part is abbreviated so that the heat flow in-
put from the target part is coupled with the heat loss due to the
convection of the omitted part. Therefore, the heat transfer coef-
ficient of the proposed thermal boundary condition is calculated
using the coefficient of the combined thermal boundary condition
with the areas of the interface boundary surface and the convec-
tion surface of the omitted part. Note that, the formulation of the
proposed thermal boundary condition is already described in Sec-
tion 3.2, and only the calculation of the heat transfer coefficient
is described as follows.

Using Equation (70), the heat transfer coefficient �he
t in Equa-

tion (42) of the proposed thermal boundary condition is
defined as

�he
t = (Ao/

�At ) × 0.0668 (θ − θ e ) × 10−6 (W
/

mm2), (71)

in which Ao is the area of the convection surface Sc
o for the omitted

part �o, and �At is the area of the convection surface �Sc
t . Here,

the heat transfer coefficient �he
t should be less than the thermal

conductivity coefficient k at the environmental temperature θ e.

4.4 Pipe welding problem
The problem of gas metal arc welding of mild steel pipe is
considered to verify the performance of the proposed method
(Abid & Qarni, 2009). The model geometry, mechanical bound-
ary conditions, and welding direction of the pipe welding problem
(considered symmetrically) are detailed in Fig. 7. It has an outer
diameter of 114.3 mm, a thickness of 6 mm, and a length of 500

Figure 8: Meshing and partitioning of the pipe FE model.

Table 4: Different values of the heat source parameters for the
pipe welding problem.

Parameter Value

Voltage (U) 22 V
Welding current (I) 225 A
Arc efficiency (η) 0.85
Welding speed (ν) 6.25 mm/s

Width of heat source (a) 5 mm
Depth of heat source (b) 6 mm
Length of front ellipsoidal (Cf ) 12.9 mm
Length of rear ellipsoidal (Cr) 10.3 mm
Front heat fraction ( ff ) 1.4
Rear heat fraction ( fr) 0.6

mm. The joint type of the problem is a single “V-groove” butt joint
with a 1.2 mm root gap, 60◦ groove angle, and 1.55 mm root face.

Figure 8 shows the meshing and partitioning of the pipe FE
model in detail. Because the higher temperature and flux gradi-
ents are expected around the fusion zone (FZ) and heat affected
zone (HAZ), a relatively fine mesh is used, while the remain-
ing cooling material regions have progressively coarser meshes.
The smallest element is a groove element 0.3 × 1.5 × 2.5 mm, and
the FE model contains 148920 nodes with 118552 connected ele-
ments. In the proposed method, the FE model is partitioned into
the target part �t and the omitted part �o to construct the ROM
�̂t of 19710 nodes with 15184 elements.

Table 4 presents the different values of Goldak’s double
ellipsoidal heat source for the pipe welding problem (Abid
& Qarni, 2009). The heat source moves at constant velocity
along the hoop line of the pipe at environmental temperature
(25◦C). As mentioned above, the moving heat source model and
the thermal boundary conditions are implemented using the
user subroutines DFLUX and FILM, respectively, in the ABAQUS
code.

The arc shape and temperature distribution at time 52.84
s are shown in Fig. 9a, and the thermal cycles at the differ-
ent points by angle on the outer surface during the welding
process are shown in Fig. 9b. The results agree very well with
the reference, and the temperature history at the position of
90◦ is almost identical to the temperature histories at 180 or
270◦. Therefore, it can be concluded that the heat input gen-
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Figure 9: Temperature distribution and history of the pipe welding
problem. (a) Temperature distribution at time 52.84 s. (b) Temperature
history at the three locations on the outside surface.

erated by the welding torch moving around the pipe is very
constant.

Figure 10 presents the axial and hoop residual stress distribu-
tions on the outer surface with different angles, respectively. Al-
though it can be found that the residual stresses are slightly differ-
ent by angle on the outer surface, in general, both the axial stress
and the hoop stress are not significantly sensitive to the angle.
Thus, we compare the global and the reduced models by selecting
only the results of temperature and residual stress at positions
with an angle of 180◦.

The contours captured along the planes of the weld cross-
section at 180◦ of the global and reduced models are shown in
Fig. 11. The temperature contours in Fig. 11a were acquired when
the corresponding nodes of those planes were enduring the high-
est temperature. The comparison of residual stresses predicted by
the global and reduced models is also shown in Fig. 11 employing
stress contours of the planes. In a comparison of temperature and

Figure 10: Residual stress distributions on the outer surface by angle. (a)
Axial stress distribution. (b) Hoop stress distribution.

residual stress distributions of the global and reduced models, a
good agreement was observed between them.

For a better understanding of the residual stress distributions
predicted by the global and reduced models, the axial and hoop
stresses of the inside and outside surfaces have been plotted along
the axial direction, as shown in Fig. 12. Table 5 presents the MAEs
of the residual stresses on the inside and outside surfaces at
180◦. The maximum MAE for the pipe welding problem was cal-
culated as 2.64 MPa at the hoop stress on the inside surface. Ta-
ble 6 lists comparisons of the analysis times for the global and
reduced models in detail, and it shows that the proposed method
only requires 13.67% of the computation time compared to the
global models. From the results, we can conclude that the pro-
posed method can perform welding analysis computationally ef-
ficiently with little loss of accuracy.

4.5 Bead on the plate welding problem
In this section, a constant speed straight weld of bead on the
plate problem is considered without fillers. The material proper-
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Figure 11: The temperature and residual stress contours for the pipe welding problem. (a) Temperature. (b) Axial stress. (c) Hoop stress.

Table 5: The MAEs of the axial and hoop residual stresses for the
pipe welding problem.

Residual stresses MAE (MPa)

Inside surface Outside surface

Axial 1.83 1.09
Hoop 2.64 1.71

ties used in the model correspond to mild steel. The mechanical
boundary conditions and the longitudinal and transverse sam-
pling lines are shown in Fig. 13 along with the coordinate system.

Figure 14 presents the meshing and partitioning of the struc-
tural FE model. The plate FE model contains 198542 nodes with
168000 elements. A relatively fine mesh size of 1 × 1 × 2 mm for
each coordinate is used around the FZ and HAZ, and the rest of
the area consists of progressively coarser meshes. The proposed
method was used to construct the ROM �̂t of 43925 nodes with
36000 elements. Table 7 presents the different values of Goldak’s
double ellipsoidal heat source for the plate welding problem (Anca
et al., 2011). The heat source moves at constant velocity along a

straight line on the plate at environmental temperature (20◦C).
The user subroutines, DFLUX and FILM in the ABAQUS code, are
used.

The temperature and residual stress contours of the global
and reduced models are considered in Fig. 15. The temperature
contours shown in Fig. 15a were obtained along the planes in
the middle of the weld axis when the corresponding nodes in
that planes withstand the highest temperature. The longitudinal
and transverse residual stress contours shown in Fig. 15b and c
were captured at the planes in the end and middle of the weld
axis where the largest magnitude of each residual stress was
found. From the contours, the longitudinal stress predicted by the
reduced model was slightly different on the upper layer of the
weld zone compared with the global model. However, overall, it
can be observed that the results of the reduced model were closely
matched with the global model.

Figure 16 presents the distribution of the longitudinal resid-
ual stress σz and transverse residual stress σx along the longi-
tudinal and transverse sampling lines, respectively. The MAEs of
the residual stresses along the sampling lines are also listed in
Table 8. The maximum MAE for the plate welding problem was
measured as 6.57 MPa at the transverse stress on the transverse

Table 6: Specific computational cost for the pipe welding problem.

Methods Items Computation times

(Seconds) Ratio (%)

Global Heat transfer analysis 47032 40.20
Thermal elastic plastic analysis 69970 59.80

Total 117002 100.00

Reduced Applying the thermal boundary condition
Algebraic multi-level substructuring 15 0.01
Sequential condensation procedure 475 0.41
Heat transfer analysis for �̂t 6431 5.50
Thermal elastic plastic analysis for �̂t 9072 7.75

Total 15993 13.67
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Figure 12: Residual stress distributions on inside and outside surfaces at 180◦ of global and reduced models. (a) Axial stress distribution. (b) Hoop
stress distribution.

Figure 13: Bead-on-plate welding problem definition.

sampling line.Table 9 lists in detail the calculation time of the
ROM and the sequentially coupled welding analysis. It is deter-
mined that the proposed method only needs 26.11% of the com-
putation time required for the welding analysis using the global
model. The comparison results of the global and reduced models
are almost identical along the longitudinal sampling line, but the

Figure 14: Meshing and partitioning of the plate FE model.

residual stresses are slightly different near the interface boundary
� along the transverse sampling line.
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Figure 15: The temperature and residual stress contours for the plate welding problem. (a) Temperature. (b) Longitudinal stress. (c) Transverse stress.

Table 7: Different values of heat source parameters for the plate
welding problem.

Parameter Value

Voltage (U) 23 V
Welding current (I) 250 A
Arc efficiency (η) 0.825
Welding speed (ν) 4.8 mm/s

Width of heat source (a) 5 mm
Depth of heat source (b) 3 mm
Length of front ellipsoidal (Cf ) 5 mm
Length of rear ellipsoidal (Cr) 10 mm
Front heat fraction ( ff ) 0.6
Rear heat fraction ( fr) 1.4

Table 8: The MAEs of the longitudinal and transverse residual
stresses for the plate welding problem.

Residual stresses MAE (MPa)

Longitudinal
sampling Transverse sampling

Longitudinal 1.54 4.64
Transverse 1.15 6.57

5 Conclusions
In this study, we proposed an efficient welding FE analysis

method by adopting a ROM. The newly defined thermal bound-
ary condition and the high-performance ROM method (i.e. the
ASC method) were used to construct the thermal and mechani-
cal ROMs, respectively. The detailed formulations were presented,
and the performance of the proposed method was demonstrated

in terms of accuracy and computational efficiency through butt-
welding simulations for steel pipe and plate. The following con-
clusions can be drawn from the results.

(i) A good agreement of the transient temperature distribu-
tions between the global and reduced models was observed
through the comparison of the temperature contours for
the pipe and plate problems.

(ii) The residual stresses predicted by the global and reduced
models showed a close match in various comparison meth-
ods. The peak error of the residual stress was observed in
the hoop and transverse stresses, and it was measured by
2.6 and 6.6 MPa calculated by MAE for the pipe and plate
problems, respectively. These amounts of error are 0.8 and
1.5% of the maximum residual stresses, which seem to be
an acceptable level from an engineering point of view.

(iii) The computation time was about 7-times faster for the pipe
welding problems and 4-times faster for the plate welding
problem compared to the global models.

(iv) It would be valuable to apply the proposed method to the
simulation of welded FE models with multiple-pass welds,
and it is also important to develop an optimized parallel
computation algorithm to solve these multiple-pass prob-
lems.
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Figure 16: Longitudinal and transverse residual stresses σz and σx distributions along the sampling lines of global and reduced models. (a) Along the
longitudinal sampling line. (b) Along the transverse sampling line.
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